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Figure 1. State and evolution of JI. (a) Observed surface flow velocities (2008–2009, logarithmic scale [Rignot and
Mouginot, 2012]). White arrows show the flow direction. The calving front evolution in Figure 2a is tracked along the
black flow line. Colored triangles denote the locations for velocity comparison in Figure 2b. (b) Bedrock topography in
the same region, shaded relief [Morlighem et al., 2014]. (c) Observed calving front positions of JI from 1985 until end of
2015, derived from Landsat 5–8, ERS-1 and 2, and TerraSAR-X satellite imagery. Location of Figure 1c is shown by red
inset in Figure 1b. Satellite background image: Landsat 7 (1 July 2001)© Google Earth.

These three hypotheses were derived using models that did not include certain important processes, relied
on coarse-resolution observations, and led to different conclusions, underlining that the mechanisms at play
are not fully understood. Recent developments in ice flowmodeling, includingmoving boundary capabilities
in ice sheetmodels [Bondzio et al., 2016] and the new availability of high-resolutionmodel input data [Joughin
et al., 2014; Morlighem et al., 2014; Howat et al., 2014; Noël et al., 2015], make it possible to overcome these
shortcomings and to provide amore complete analysis. Here we investigate themechanisms that sustain the
glacier’s ongoing acceleration and mass loss using high-resolution input data and a migrating calving front
in the Ice Sheet SystemModel (ISSM) [Larour et al., 2012], a state-of-the-art, finite element ice flowmodel.

2. Ice Flow Model

We compute the ice velocities using the Higher-Order Model [Blatter, 1995; Pattyn, 2003]. We use a linear
viscous basal friction law (supporting information (SI)); equation (1) [Budd et al., 1984] and assume that ice
deformation follows a nonlinear, isotropic flow law [Glen, 1955; Nye, 1957] with a stress exponent n = 3. We
compute the ice viscosity, !, as

! = (1 − D) B(T ,w)

2#̇
n−1
n

e

. (1)

Here #̇e is the effective strain rate, and the ice viscosity parameter, B, depends on the ice temperature, T , and
themicroscopic water content,w [Cuffey and Paterson, 2010; Lliboutry andDuval, 1985]. A damage parameter
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Figure 2. Comparison of observations and model results. (a) Calving front positions from satellite observations along
the flow line in Figure 1a. (b) Comparison of observed velocities (triangles) and modeled velocities (lines). Colors
correspond to the triangle locations shown in Figure 1a. Lines are discontinuous when the calving front retreats
upstream of the corresponding location. (c) JI’s modeled mass change (red line) relative to 1 January 2000. The black line
with error envelope shows observed mass changes [Howat et al., 2011], and the black dashed line represents volume
preservation. The grey boxes mark the period of ice tongue disintegration.

Figure 3. Comparison of modeled and observed surface ice flow velocities. (a) Ratio of thermomechanically coupled
(vc) and observed ice surface velocities (vo). (b) Ratio of modeled ice surface velocities without (vu) and with (vc)
thermomechanical coupling. The black dashed lines represent exact matching of the considered velocity values. Marker
and line colors correspond to the colors of the triangles in Figure 1a. Lines are discontinuous when the calving front
retreats upstream of the corresponding location. The gray patches mark the time of the ice tongue disintegration.
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Figure 1. State and evolution of JI. (a) Observed surface flow velocities (2008–2009, logarithmic scale [Rignot and
Mouginot, 2012]). White arrows show the flow direction. The calving front evolution in Figure 2a is tracked along the
black flow line. Colored triangles denote the locations for velocity comparison in Figure 2b. (b) Bedrock topography in
the same region, shaded relief [Morlighem et al., 2014]. (c) Observed calving front positions of JI from 1985 until end of
2015, derived from Landsat 5–8, ERS-1 and 2, and TerraSAR-X satellite imagery. Location of Figure 1c is shown by red
inset in Figure 1b. Satellite background image: Landsat 7 (1 July 2001)© Google Earth.

These three hypotheses were derived using models that did not include certain important processes, relied
on coarse-resolution observations, and led to different conclusions, underlining that the mechanisms at play
are not fully understood. Recent developments in ice flowmodeling, includingmoving boundary capabilities
in ice sheetmodels [Bondzio et al., 2016] and the new availability of high-resolutionmodel input data [Joughin
et al., 2014; Morlighem et al., 2014; Howat et al., 2014; Noël et al., 2015], make it possible to overcome these
shortcomings and to provide amore complete analysis. Here we investigate themechanisms that sustain the
glacier’s ongoing acceleration and mass loss using high-resolution input data and a migrating calving front
in the Ice Sheet SystemModel (ISSM) [Larour et al., 2012], a state-of-the-art, finite element ice flowmodel.

2. Ice Flow Model

We compute the ice velocities using the Higher-Order Model [Blatter, 1995; Pattyn, 2003]. We use a linear
viscous basal friction law (supporting information (SI)); equation (1) [Budd et al., 1984] and assume that ice
deformation follows a nonlinear, isotropic flow law [Glen, 1955; Nye, 1957] with a stress exponent n = 3. We
compute the ice viscosity, !, as

! = (1 − D) B(T ,w)

2#̇
n−1
n

e

. (1)

Here #̇e is the effective strain rate, and the ice viscosity parameter, B, depends on the ice temperature, T , and
themicroscopic water content,w [Cuffey and Paterson, 2010; Lliboutry andDuval, 1985]. A damage parameter
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1. Modeling ice sheets and ice shelves

2. Ice shelves around Antarctica

3. Modeling ice shelf melt 

4. Coupling ice and ocean models

5. Can we parameterize ice shelf melt?
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Continuity equation:

Incompressibility: a continuum is said to be incompressible if its density 
remains unchanged during motion 

D⇢

Dt
= 0

<latexit sha1_base64="ftmwCNGvD8OEdPFT7MKm7y7ed4U=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSiKAXoWgPHivYD2hC2Ww37dLNJuxOhBJy8a948aCIV3+GN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tkorq2vrG+XNytb2zu6evX/Q1nGqKGvRWMSqGxDNBJesBRwE6yaKkSgQrBOMb6d+55EpzWP5AJOE+REZSh5ySsBIffvIG4SK0KyBPTWK86wBOb7GDu7bVafmzICXiVuQKirQ7Ntf3iCmacQkUEG07rlOAn5GFHAqWF7xUs0SQsdkyHqGShIx7WezB3J8apQBDmNlSgKeqb8nMhJpPYkC0xkRGOlFbyr+5/VSCK/8jMskBSbpfFGYCgwxnqaBB1wxCmJiCKGKm1sxHRETCJjMKiYEd/HlZdI+r7lOzb2/qNZvijjK6BidoDPkoktUR3eoiVqIohw9o1f0Zj1ZL9a79TFvLVnFzCH6A+vzBxzalWs=</latexit><latexit sha1_base64="ftmwCNGvD8OEdPFT7MKm7y7ed4U=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSiKAXoWgPHivYD2hC2Ww37dLNJuxOhBJy8a948aCIV3+GN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tkorq2vrG+XNytb2zu6evX/Q1nGqKGvRWMSqGxDNBJesBRwE6yaKkSgQrBOMb6d+55EpzWP5AJOE+REZSh5ySsBIffvIG4SK0KyBPTWK86wBOb7GDu7bVafmzICXiVuQKirQ7Ntf3iCmacQkUEG07rlOAn5GFHAqWF7xUs0SQsdkyHqGShIx7WezB3J8apQBDmNlSgKeqb8nMhJpPYkC0xkRGOlFbyr+5/VSCK/8jMskBSbpfFGYCgwxnqaBB1wxCmJiCKGKm1sxHRETCJjMKiYEd/HlZdI+r7lOzb2/qNZvijjK6BidoDPkoktUR3eoiVqIohw9o1f0Zj1ZL9a79TFvLVnFzCH6A+vzBxzalWs=</latexit><latexit sha1_base64="ftmwCNGvD8OEdPFT7MKm7y7ed4U=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSiKAXoWgPHivYD2hC2Ww37dLNJuxOhBJy8a948aCIV3+GN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tkorq2vrG+XNytb2zu6evX/Q1nGqKGvRWMSqGxDNBJesBRwE6yaKkSgQrBOMb6d+55EpzWP5AJOE+REZSh5ySsBIffvIG4SK0KyBPTWK86wBOb7GDu7bVafmzICXiVuQKirQ7Ntf3iCmacQkUEG07rlOAn5GFHAqWF7xUs0SQsdkyHqGShIx7WezB3J8apQBDmNlSgKeqb8nMhJpPYkC0xkRGOlFbyr+5/VSCK/8jMskBSbpfFGYCgwxnqaBB1wxCmJiCKGKm1sxHRETCJjMKiYEd/HlZdI+r7lOzb2/qNZvijjK6BidoDPkoktUR3eoiVqIohw9o1f0Zj1ZL9a79TFvLVnFzCH6A+vzBxzalWs=</latexit>

D⇢

Dt
+ ⇢ r · v = 0
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Mass balance of incompressible fluids:

r · v =
@vx
@x

+
@vy
@y

+
@vz
@z

= 0
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r · v =
@vx
@x

+
@vy
@y

+
@vz
@z

= 0
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Incompressibility:

Surface evolution:

@s

@t
+ vx(s)

@s

@x
+ vy(s)

@s

@y
� vz(s) = Ṁs
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@b

@t
+ vx(b)

@b

@x
+ vy(b)

@b

@y
� vz(b) = Ṁb
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• glacier surface elevation (m)
• glacier base elevation (m)
• surface mass balance (m/s ice equivalent, positive when accumulation)
• basal mass balance (m/s ice equivalent, positive when melting)Ṁb
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b
<latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit><latexit sha1_base64="B8QOfSq5IKQ3NJiokTqrVfN3Ulk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AxOGM5g==</latexit>

Ṁs
<latexit sha1_base64="VXRpH1jju3Ws3on9Zx4HBFvBNho=">AAAB8HicbVBNSwMxFHxbv2r9qnr0EiyCp7Irgh6LXrwIFWyttEvJpmkbmmSX5K1Qlv4KLx4U8erP8ea/MW33oK0DgWHmDXlvokQKi77/7RVWVtfWN4qbpa3tnd298v5B08apYbzBYhmbVkQtl0LzBgqUvJUYTlUk+UM0up76D0/cWBHrexwnPFR0oEVfMIpOeuz0YsxuJ13bLVf8qj8DWSZBTiqQo94tf7ksSxXXyCS1th34CYYZNSiY5JNSJ7U8oWxEB7ztqKaK2zCbLTwhJ07pkX5s3NNIZurvREaVtWMVuUlFcWgXvan4n9dOsX8ZZkInKXLN5h/1U0kwJtPrSU8YzlCOHaHMCLcrYUNqKEPXUcmVECyevEyaZ9XArwZ355XaVV5HEY7gGE4hgAuowQ3UoQEMFDzDK7x5xnvx3r2P+WjByzOH8Afe5w8MqJCO</latexit><latexit sha1_base64="VXRpH1jju3Ws3on9Zx4HBFvBNho=">AAAB8HicbVBNSwMxFHxbv2r9qnr0EiyCp7Irgh6LXrwIFWyttEvJpmkbmmSX5K1Qlv4KLx4U8erP8ea/MW33oK0DgWHmDXlvokQKi77/7RVWVtfWN4qbpa3tnd298v5B08apYbzBYhmbVkQtl0LzBgqUvJUYTlUk+UM0up76D0/cWBHrexwnPFR0oEVfMIpOeuz0YsxuJ13bLVf8qj8DWSZBTiqQo94tf7ksSxXXyCS1th34CYYZNSiY5JNSJ7U8oWxEB7ztqKaK2zCbLTwhJ07pkX5s3NNIZurvREaVtWMVuUlFcWgXvan4n9dOsX8ZZkInKXLN5h/1U0kwJtPrSU8YzlCOHaHMCLcrYUNqKEPXUcmVECyevEyaZ9XArwZ355XaVV5HEY7gGE4hgAuowQ3UoQEMFDzDK7x5xnvx3r2P+WjByzOH8Afe5w8MqJCO</latexit><latexit sha1_base64="VXRpH1jju3Ws3on9Zx4HBFvBNho=">AAAB8HicbVBNSwMxFHxbv2r9qnr0EiyCp7Irgh6LXrwIFWyttEvJpmkbmmSX5K1Qlv4KLx4U8erP8ea/MW33oK0DgWHmDXlvokQKi77/7RVWVtfWN4qbpa3tnd298v5B08apYbzBYhmbVkQtl0LzBgqUvJUYTlUk+UM0up76D0/cWBHrexwnPFR0oEVfMIpOeuz0YsxuJ13bLVf8qj8DWSZBTiqQo94tf7ksSxXXyCS1th34CYYZNSiY5JNSJ7U8oWxEB7ztqKaK2zCbLTwhJ07pkX5s3NNIZurvREaVtWMVuUlFcWgXvan4n9dOsX8ZZkInKXLN5h/1U0kwJtPrSU8YzlCOHaHMCLcrYUNqKEPXUcmVECyevEyaZ9XArwZ355XaVV5HEY7gGE4hgAuowQ3UoQEMFDzDK7x5xnvx3r2P+WjByzOH8Afe5w8MqJCO</latexit><latexit sha1_base64="VXRpH1jju3Ws3on9Zx4HBFvBNho=">AAAB8HicbVBNSwMxFHxbv2r9qnr0EiyCp7Irgh6LXrwIFWyttEvJpmkbmmSX5K1Qlv4KLx4U8erP8ea/MW33oK0DgWHmDXlvokQKi77/7RVWVtfWN4qbpa3tnd298v5B08apYbzBYhmbVkQtl0LzBgqUvJUYTlUk+UM0up76D0/cWBHrexwnPFR0oEVfMIpOeuz0YsxuJ13bLVf8qj8DWSZBTiqQo94tf7ksSxXXyCS1th34CYYZNSiY5JNSJ7U8oWxEB7ztqKaK2zCbLTwhJ07pkX5s3NNIZurvREaVtWMVuUlFcWgXvan4n9dOsX8ZZkInKXLN5h/1U0kwJtPrSU8YzlCOHaHMCLcrYUNqKEPXUcmVECyevEyaZ9XArwZ355XaVV5HEY7gGE4hgAuowQ3UoQEMFDzDK7x5xnvx3r2P+WjByzOH8Afe5w8MqJCO</latexit>



J E T  P R O P U L S I O N  L A B O R A T O R Y

Energy balance

ECCO Summer School 2019 - Friday Harbor

Conservation of energy:

Ice energy balance:

•      ice temperature (K)
•     ice thermal conductivity (W/m/K) 
•       ice heat capacity (J/K/kg)
•                  deformational heating (W) 

c
<latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit><latexit sha1_base64="MK9TkR1XfIASB2dfp9XX0/+fbPE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipyQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/GZYzn</latexit>

kth
<latexit sha1_base64="qJWHoe/kLFOXkr0GGKkTaLqBy0A=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOJsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4N4w2mpTbtiFouheINFCh5OzGcxpHkrWh8O/NbT9xYodUDThIexnSoxEAwik5qjnsZjqa9csWv+nOQVRLkpAI56r3yV7evWRpzhUxSazuBn2CYUYOCST4tdVPLE8rGdMg7jioacxtm82un5MwpfTLQxpVCMld/T2Q0tnYSR64zpjiyy95M/M/rpDi4DjOhkhS5YotFg1QS1GT2OukLwxnKiSOUGeFuJWxEDWXoAiq5EILll1dJ86Ia+NXg/rJSu8njKMIJnMI5BHAFNbiDOjSAwSM8wyu8edp78d69j0VrwctnjuEPvM8f5umPVA==</latexit><latexit sha1_base64="qJWHoe/kLFOXkr0GGKkTaLqBy0A=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOJsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4N4w2mpTbtiFouheINFCh5OzGcxpHkrWh8O/NbT9xYodUDThIexnSoxEAwik5qjnsZjqa9csWv+nOQVRLkpAI56r3yV7evWRpzhUxSazuBn2CYUYOCST4tdVPLE8rGdMg7jioacxtm82un5MwpfTLQxpVCMld/T2Q0tnYSR64zpjiyy95M/M/rpDi4DjOhkhS5YotFg1QS1GT2OukLwxnKiSOUGeFuJWxEDWXoAiq5EILll1dJ86Ia+NXg/rJSu8njKMIJnMI5BHAFNbiDOjSAwSM8wyu8edp78d69j0VrwctnjuEPvM8f5umPVA==</latexit><latexit sha1_base64="qJWHoe/kLFOXkr0GGKkTaLqBy0A=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOJsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4N4w2mpTbtiFouheINFCh5OzGcxpHkrWh8O/NbT9xYodUDThIexnSoxEAwik5qjnsZjqa9csWv+nOQVRLkpAI56r3yV7evWRpzhUxSazuBn2CYUYOCST4tdVPLE8rGdMg7jioacxtm82un5MwpfTLQxpVCMld/T2Q0tnYSR64zpjiyy95M/M/rpDi4DjOhkhS5YotFg1QS1GT2OukLwxnKiSOUGeFuJWxEDWXoAiq5EILll1dJ86Ia+NXg/rJSu8njKMIJnMI5BHAFNbiDOjSAwSM8wyu8edp78d69j0VrwctnjuEPvM8f5umPVA==</latexit><latexit sha1_base64="qJWHoe/kLFOXkr0GGKkTaLqBy0A=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOJsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4N4w2mpTbtiFouheINFCh5OzGcxpHkrWh8O/NbT9xYodUDThIexnSoxEAwik5qjnsZjqa9csWv+nOQVRLkpAI56r3yV7evWRpzhUxSazuBn2CYUYOCST4tdVPLE8rGdMg7jioacxtm82un5MwpfTLQxpVCMld/T2Q0tnYSR64zpjiyy95M/M/rpDi4DjOhkhS5YotFg1QS1GT2OukLwxnKiSOUGeFuJWxEDWXoAiq5EILll1dJ86Ia+NXg/rJSu8njKMIJnMI5BHAFNbiDOjSAwSM8wyu8edp78d69j0VrwctnjuEPvM8f5umPVA==</latexit>

T
<latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit>

Phase change included by capturing cold/temperate transition or using enthalpy 
formulations
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Momentum balance
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Conservation of momentum: ⇢

✓
@v

@t
+ (v ·r)v

◆
= r · � + ⇢g � 2⇢⌦⇥ v
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2. ICE SHEET THERMODYNAMICS

Four dimensionless numbers can be introduced: the Strouhal number, the Reynolds number
the Froude number and the Rossby number:
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Introducing these parameters in the last equation gives:
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The order of magnitude of these parameters is given in table 2.1 (Reist, 2005). The Reynolds
number and the Froude number are at least 10 orders of magnitude smaller than the Strouhal
number for a mountain glacier, and ice sheet and an ice stream.

Variable Glacier Ice sheet Ice stream

V0 10�6 10�5 10�4

G0 10 10 10

R0 104 106 105

⌦0 10�4 10�4 10�4

�0 105 105 105

⇢0 103 103 103

T0 R0/V0 R0/V0 R0/V0

St 1 1 1

Re 10�14 10�12 10�10

Fr 10�17 10�17 10�14

Ro 10�6 10�7 10�7

Table 2.1: Estimated orders of magnitude of scaling parameters

The comparison of the di↵erent orders of magnitudes shows that the acceleration and
inertia are negligible, even in the most extreme surges or stream flow that may occur in a
glacier. This type of fluid flow is called Stokes flow or creeping flow. The Coriolis force is
also negligible as it is at least seven orders of magnitude smaller than the pressure gradient.
These assumptions show that the Navier-Stokes equations can be reduced to a quasi-static
model:

r · �0 �rp+ ⇢ g = 0 (2.21)

2.2.2 Ice Constitutive Equations: Glen-Nye flow law

Ice is considered a perfectly isotropic incompressible viscous material (Hooke (2005) p.13,
Paterson (1994)). The stress tensor is therefore expressed as a function of the strain rate
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J E T  P R O P U L S I O N  L A B O R A T O R Y

Momentum balance

ECCO Summer School 2019 - Friday Harbor

Boundary conditions:
• Ice/air interface: free surface

• Ice/ocean interface: water pressure

• Ice/bedrock interface: 

Shallow aspect ratio: Shallow ice approximations (shallow ice and shallow 
shelf) to separate horizontal and vertical motion

� · n ' 0
<latexit sha1_base64="Ey0YnKD3BNAI8B0rTx6kUT9Qat0=">AAACHHicbVDLSgMxFM3UV62vUZdugkVwVWZU0GXRjcsK9gGdoWQyaRuax5hkhDL0Q9z4K25cKOLGheDfmGlnYVsPhBzOuZd774kSRrXxvB+ntLK6tr5R3qxsbe/s7rn7By0tU4VJE0smVSdCmjAqSNNQw0gnUQTxiJF2NLrJ/fYjUZpKcW/GCQk5GgjapxgZK/Xc8yyIJIv1mNsPBpoOOJrAAMfSwDlLTHKXkwfo9dyqV/OmgMvEL0gVFGj03K8gljjlRBjMkNZd30tMmCFlKGZkUglSTRKER2hAupYKxIkOs+lxE3hilRj2pbJPGDhV/3ZkiOt8R1vJkRnqRS8X//O6qelfhRkVSWqIwLNB/ZRBI2GeFIypItiwsSUIK2p3hXiIFMLG5lmxIfiLJy+T1lnN92r+3UW1fl3EUQZH4BicAh9cgjq4BQ3QBBg8gRfwBt6dZ+fV+XA+Z6Ulp+g5BHNwvn8BQXeiCw==</latexit><latexit sha1_base64="Ey0YnKD3BNAI8B0rTx6kUT9Qat0=">AAACHHicbVDLSgMxFM3UV62vUZdugkVwVWZU0GXRjcsK9gGdoWQyaRuax5hkhDL0Q9z4K25cKOLGheDfmGlnYVsPhBzOuZd774kSRrXxvB+ntLK6tr5R3qxsbe/s7rn7By0tU4VJE0smVSdCmjAqSNNQw0gnUQTxiJF2NLrJ/fYjUZpKcW/GCQk5GgjapxgZK/Xc8yyIJIv1mNsPBpoOOJrAAMfSwDlLTHKXkwfo9dyqV/OmgMvEL0gVFGj03K8gljjlRBjMkNZd30tMmCFlKGZkUglSTRKER2hAupYKxIkOs+lxE3hilRj2pbJPGDhV/3ZkiOt8R1vJkRnqRS8X//O6qelfhRkVSWqIwLNB/ZRBI2GeFIypItiwsSUIK2p3hXiIFMLG5lmxIfiLJy+T1lnN92r+3UW1fl3EUQZH4BicAh9cgjq4BQ3QBBg8gRfwBt6dZ+fV+XA+Z6Ulp+g5BHNwvn8BQXeiCw==</latexit><latexit sha1_base64="Ey0YnKD3BNAI8B0rTx6kUT9Qat0=">AAACHHicbVDLSgMxFM3UV62vUZdugkVwVWZU0GXRjcsK9gGdoWQyaRuax5hkhDL0Q9z4K25cKOLGheDfmGlnYVsPhBzOuZd774kSRrXxvB+ntLK6tr5R3qxsbe/s7rn7By0tU4VJE0smVSdCmjAqSNNQw0gnUQTxiJF2NLrJ/fYjUZpKcW/GCQk5GgjapxgZK/Xc8yyIJIv1mNsPBpoOOJrAAMfSwDlLTHKXkwfo9dyqV/OmgMvEL0gVFGj03K8gljjlRBjMkNZd30tMmCFlKGZkUglSTRKER2hAupYKxIkOs+lxE3hilRj2pbJPGDhV/3ZkiOt8R1vJkRnqRS8X//O6qelfhRkVSWqIwLNB/ZRBI2GeFIypItiwsSUIK2p3hXiIFMLG5lmxIfiLJy+T1lnN92r+3UW1fl3EUQZH4BicAh9cgjq4BQ3QBBg8gRfwBt6dZ+fV+XA+Z6Ulp+g5BHNwvn8BQXeiCw==</latexit><latexit sha1_base64="Ey0YnKD3BNAI8B0rTx6kUT9Qat0=">AAACHHicbVDLSgMxFM3UV62vUZdugkVwVWZU0GXRjcsK9gGdoWQyaRuax5hkhDL0Q9z4K25cKOLGheDfmGlnYVsPhBzOuZd774kSRrXxvB+ntLK6tr5R3qxsbe/s7rn7By0tU4VJE0smVSdCmjAqSNNQw0gnUQTxiJF2NLrJ/fYjUZpKcW/GCQk5GgjapxgZK/Xc8yyIJIv1mNsPBpoOOJrAAMfSwDlLTHKXkwfo9dyqV/OmgMvEL0gVFGj03K8gljjlRBjMkNZd30tMmCFlKGZkUglSTRKER2hAupYKxIkOs+lxE3hilRj2pbJPGDhV/3ZkiOt8R1vJkRnqRS8X//O6qelfhRkVSWqIwLNB/ZRBI2GeFIypItiwsSUIK2p3hXiIFMLG5lmxIfiLJy+T1lnN92r+3UW1fl3EUQZH4BicAh9cgjq4BQ3QBBg8gRfwBt6dZ+fV+XA+Z6Ulp+g5BHNwvn8BQXeiCw==</latexit>

� · n = Pwn
<latexit sha1_base64="2wiNfSM+xLqKhZhRfmt/ACexJ2U=">AAACKXicbVDLSsNAFJ3UV62vqEs3g0VwVRIRdCMU3bisYB/QhDCZTNqhk5kwM1FK6O+48VfcKCjq1h9x0mZhWw8MczjnXu69J0wZVdpxvqzKyura+kZ1s7a1vbO7Z+8fdJTIJCZtLJiQvRApwignbU01I71UEpSEjHTD0U3hdx+IVFTwez1OiZ+gAacxxUgbKbCbuRcKFqlxYj7oKTpI0AR6OBIazll8Aq9gK3hcVAO77jScKeAycUtSByVagf3mRQJnCeEaM6RU33VS7edIaooZmdS8TJEU4REakL6hHCVE+fn00gk8MUoEYyHN4xpO1b8dOUpUsZqpTJAeqkWvEP/z+pmOL/2c8jTThOPZoDhjUAtYxAYjKgnWbGwIwpKaXSEeIomwNuHWTAju4snLpHPWcJ2Ge3deb16XcVTBETgGp8AFF6AJbkELtAEGT+AFvIMP69l6tT6t71lpxSp7DsEcrJ9fupqnfg==</latexit><latexit sha1_base64="2wiNfSM+xLqKhZhRfmt/ACexJ2U=">AAACKXicbVDLSsNAFJ3UV62vqEs3g0VwVRIRdCMU3bisYB/QhDCZTNqhk5kwM1FK6O+48VfcKCjq1h9x0mZhWw8MczjnXu69J0wZVdpxvqzKyura+kZ1s7a1vbO7Z+8fdJTIJCZtLJiQvRApwignbU01I71UEpSEjHTD0U3hdx+IVFTwez1OiZ+gAacxxUgbKbCbuRcKFqlxYj7oKTpI0AR6OBIazll8Aq9gK3hcVAO77jScKeAycUtSByVagf3mRQJnCeEaM6RU33VS7edIaooZmdS8TJEU4REakL6hHCVE+fn00gk8MUoEYyHN4xpO1b8dOUpUsZqpTJAeqkWvEP/z+pmOL/2c8jTThOPZoDhjUAtYxAYjKgnWbGwIwpKaXSEeIomwNuHWTAju4snLpHPWcJ2Ge3deb16XcVTBETgGp8AFF6AJbkELtAEGT+AFvIMP69l6tT6t71lpxSp7DsEcrJ9fupqnfg==</latexit><latexit sha1_base64="2wiNfSM+xLqKhZhRfmt/ACexJ2U=">AAACKXicbVDLSsNAFJ3UV62vqEs3g0VwVRIRdCMU3bisYB/QhDCZTNqhk5kwM1FK6O+48VfcKCjq1h9x0mZhWw8MczjnXu69J0wZVdpxvqzKyura+kZ1s7a1vbO7Z+8fdJTIJCZtLJiQvRApwignbU01I71UEpSEjHTD0U3hdx+IVFTwez1OiZ+gAacxxUgbKbCbuRcKFqlxYj7oKTpI0AR6OBIazll8Aq9gK3hcVAO77jScKeAycUtSByVagf3mRQJnCeEaM6RU33VS7edIaooZmdS8TJEU4REakL6hHCVE+fn00gk8MUoEYyHN4xpO1b8dOUpUsZqpTJAeqkWvEP/z+pmOL/2c8jTThOPZoDhjUAtYxAYjKgnWbGwIwpKaXSEeIomwNuHWTAju4snLpHPWcJ2Ge3deb16XcVTBETgGp8AFF6AJbkELtAEGT+AFvIMP69l6tT6t71lpxSp7DsEcrJ9fupqnfg==</latexit><latexit sha1_base64="2wiNfSM+xLqKhZhRfmt/ACexJ2U=">AAACKXicbVDLSsNAFJ3UV62vqEs3g0VwVRIRdCMU3bisYB/QhDCZTNqhk5kwM1FK6O+48VfcKCjq1h9x0mZhWw8MczjnXu69J0wZVdpxvqzKyura+kZ1s7a1vbO7Z+8fdJTIJCZtLJiQvRApwignbU01I71UEpSEjHTD0U3hdx+IVFTwez1OiZ+gAacxxUgbKbCbuRcKFqlxYj7oKTpI0AR6OBIazll8Aq9gK3hcVAO77jScKeAycUtSByVagf3mRQJnCeEaM6RU33VS7edIaooZmdS8TJEU4REakL6hHCVE+fn00gk8MUoEYyHN4xpO1b8dOUpUsZqpTJAeqkWvEP/z+pmOL/2c8jTThOPZoDhjUAtYxAYjKgnWbGwIwpKaXSEeIomwNuHWTAju4snLpHPWcJ2Ge3deb16XcVTBETgGp8AFF6AJbkELtAEGT+AFvIMP69l6tT6t71lpxSp7DsEcrJ9fupqnfg==</latexit>

�
� · n+ ↵2v

�
|| = 0

<latexit sha1_base64="pDxYoZzLJuaYTe2Fw1ubkr3l6ig="></latexit><latexit sha1_base64="pDxYoZzLJuaYTe2Fw1ubkr3l6ig="></latexit><latexit sha1_base64="pDxYoZzLJuaYTe2Fw1ubkr3l6ig="></latexit><latexit sha1_base64="pDxYoZzLJuaYTe2Fw1ubkr3l6ig="></latexit>

v · n = �Ṁbnz
<latexit sha1_base64="HMh+mzXEsxguPUsUDONbRvsMbtY=">AAACEHicbVDNS8MwHE3n15xfVY9egmPoxdGKoBdh6MWLMMF9wFpKmqVbWJqWJB3M0j/Bi/+KFw+KePXozf/GrOtBNx8EXt7LI7/f82NGpbKsb6O0tLyyulZer2xsbm3vmLt7bRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen4o+up3xkTIWnE79UkJm6IBpwGFCOlJc88Sh0/gOMMOrgfKZjfeAYv4Ql0tJDeen4GuffgmVWrbuWAi8QuSBUUaHrml87jJCRcYYak7NlWrNwUCUUxI1nFSSSJER6hAelpylFIpJvmC2WwppU+DCKhD1cwV38nUhRKOQn1aLUQqaGc96bif14vUcGFm1IeJ4pwPPsoSBhUEZy2A/tUEKzYRBOEBdWzQjxEAmGlO6zoEuz5lRdJ+7RuW3X77qzauCrqKIMDcAiOgQ3OQQPcgCZoAQwewTN4BW/Gk/FivBsfs6clo8jsgz8wPn8AnDebrQ==</latexit><latexit sha1_base64="HMh+mzXEsxguPUsUDONbRvsMbtY=">AAACEHicbVDNS8MwHE3n15xfVY9egmPoxdGKoBdh6MWLMMF9wFpKmqVbWJqWJB3M0j/Bi/+KFw+KePXozf/GrOtBNx8EXt7LI7/f82NGpbKsb6O0tLyyulZer2xsbm3vmLt7bRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen4o+up3xkTIWnE79UkJm6IBpwGFCOlJc88Sh0/gOMMOrgfKZjfeAYv4Ql0tJDeen4GuffgmVWrbuWAi8QuSBUUaHrml87jJCRcYYak7NlWrNwUCUUxI1nFSSSJER6hAelpylFIpJvmC2WwppU+DCKhD1cwV38nUhRKOQn1aLUQqaGc96bif14vUcGFm1IeJ4pwPPsoSBhUEZy2A/tUEKzYRBOEBdWzQjxEAmGlO6zoEuz5lRdJ+7RuW3X77qzauCrqKIMDcAiOgQ3OQQPcgCZoAQwewTN4BW/Gk/FivBsfs6clo8jsgz8wPn8AnDebrQ==</latexit><latexit sha1_base64="HMh+mzXEsxguPUsUDONbRvsMbtY=">AAACEHicbVDNS8MwHE3n15xfVY9egmPoxdGKoBdh6MWLMMF9wFpKmqVbWJqWJB3M0j/Bi/+KFw+KePXozf/GrOtBNx8EXt7LI7/f82NGpbKsb6O0tLyyulZer2xsbm3vmLt7bRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen4o+up3xkTIWnE79UkJm6IBpwGFCOlJc88Sh0/gOMMOrgfKZjfeAYv4Ql0tJDeen4GuffgmVWrbuWAi8QuSBUUaHrml87jJCRcYYak7NlWrNwUCUUxI1nFSSSJER6hAelpylFIpJvmC2WwppU+DCKhD1cwV38nUhRKOQn1aLUQqaGc96bif14vUcGFm1IeJ4pwPPsoSBhUEZy2A/tUEKzYRBOEBdWzQjxEAmGlO6zoEuz5lRdJ+7RuW3X77qzauCrqKIMDcAiOgQ3OQQPcgCZoAQwewTN4BW/Gk/FivBsfs6clo8jsgz8wPn8AnDebrQ==</latexit><latexit sha1_base64="HMh+mzXEsxguPUsUDONbRvsMbtY=">AAACEHicbVDNS8MwHE3n15xfVY9egmPoxdGKoBdh6MWLMMF9wFpKmqVbWJqWJB3M0j/Bi/+KFw+KePXozf/GrOtBNx8EXt7LI7/f82NGpbKsb6O0tLyyulZer2xsbm3vmLt7bRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen4o+up3xkTIWnE79UkJm6IBpwGFCOlJc88Sh0/gOMMOrgfKZjfeAYv4Ql0tJDeen4GuffgmVWrbuWAi8QuSBUUaHrml87jJCRcYYak7NlWrNwUCUUxI1nFSSSJER6hAelpylFIpJvmC2WwppU+DCKhD1cwV38nUhRKOQn1aLUQqaGc96bif14vUcGFm1IeJ4pwPPsoSBhUEZy2A/tUEKzYRBOEBdWzQjxEAmGlO6zoEuz5lRdJ+7RuW3X77qzauCrqKIMDcAiOgQ3OQQPcgCZoAQwewTN4BW/Gk/FivBsfs6clo8jsgz8wPn8AnDebrQ==</latexit>

Incompressible viscous fluid:

Glen’s flow law (1955):

�0 = 2µ"
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F: landward limit of ice 
flexure from tidal movement
G: limit of ice floatation 
(grounding line)
Ib: break-in slope
Im: local elevation minimum 
H: seaward limit of ice 
flexure from tidal movement

during this time. King et al. (2009) show that, while there
have been fluctuations in elevation change rate of order
0.1m a-1 over the period 1968–2007, the long-term trend
for that period was near zero. These studies suggest that the
AIS has been in overall steady state for at least several
decades.

In this paper, we present a new map of the grounding
zone (GZ) of the AIS. The GZ is the region of the ice sheet
straddling the GL, encompassing the transition from fully
grounded ice to ice in hydrostatic equilibrium with the
underlying ocean. We use datasets acquired by a variety
of remote sensing techniques in the epoch 1995–2007
(Table I). The different datasets are not contemporaneous,
and each data type identifies distinct features of the GZ as

shown in Table I and explained further below. Since there is
no evidence of change in either velocity or elevation over this
13–year period, we assume that the ice shelf dynamics (and
hence the GZ) have remained in steady state during this
epoch, and use the datasets to develop a benchmark map of
the GZ against which future change can be monitored. The
new GZ map updates previous work of Fricker et al. (2002a)
and includes several regions of grounding that have not
previously been documented, including several ice rises.
These ice rises are pinning points that tend to stabilize the ice
shelf upstream of the ice rise but may weaken the shelf
downstream. We also identify specific features of the GZ that
provide insight into how the grounded and floating ice is
coupled across the GZ. Accurate knowledge of the GZ and
sub-ice shelf cavity geometry, including ice rises, pinning
points, ephemeral grounding points and basal channels, is
required for models of the ice shelf and ice-ocean interactions.
Here, we concentrate primarily on mapping the GZ: recent

Fig. 1. Location map of Amery Ice Shelf in East Antarctica,
showing some of the geographical features discussed in the
text. Overlain are ERS SAR amplitude swath images along
orbits used for constructing differential SAR interferograms.
Locations of ground control points used for image
geolocation are shown as red triangles (NMS1385Landing
Bluff, NMS 1375Ham Peak, NSM1425Corry Rocks,
NMS485Cruise Nunataks, NMS1845Harbour Head,
ID 2173 [Australian Gazetteer]5 Patrick Point on Cumpston
Massif, ID 13095Cumpston Massif). GZ and ice front
outlines are from Fricker et al. (2002a, 2002b).

Fig. 2. Schematic representation of features of the GZ: F is the
landward limit of ice flexure from tidal movement, G is the
limit of ice flotation, i.e. the grounding line, Ib is the break-
in-slope, Im is the local elevation minimum; and H is the
landward limit of the hydrostatic zone of free-floating ice
shelf, or the seaward limit of ice flexure. Vertical scale is
greatly exaggerated. We define the region between F and H
as the GZ, which is typically several kilometres wide. The
exact distances between F, G, H, Ib and Im depend on local
ice thickness and properties, and local bedrock topography
and properties. Adapted from Vaughan (1994) and Fricker &
Padman (2006).

Table I. Techniques used to detect AIS GZ features in this study, with

epochs and coverage.

Technique GZ feature detected Epoch Coverage

InSAR F and H 1996 ,55% of F; ,30% of H

ICESat F, H, Im, and Ib 2003–2008 discrete locations

MOA Ib 2003–04 continuous

GPS Profile F–H if GPS 2000–2001 one location

points cover GZ region 2002–2003 two locations
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vary from one glacier to the next. The limit of tidal flexing,
F, is the inland extent of tidal flexing. F is not detected with
DInSAR but may be calculated by fitting the pattern of
vertical motion with an elastic beam model [Rignot, 1998b].
F is 500 m to 1 km upstream of the grounding line, G. G is
where ice lifts up from the bed. Point I marks a break in
surface slope detectable in satellite visible imagery, photo-
grammetry or radar altimetry, typically a few km downstream
of G. Point H marks the end of the flexure zone if ice deforms
elastically. In reality, ice deforms visco‐elastically [Schmeltz
et al., 2002; Reeh et al., 2003], so tidal flexure exists beyond
H. In addition, ice thickness at H is much lower than at G
because of ice melting by the ocean in between, so H is
not useful for calculating grounding line fluxes. The flexure
zone F‐H is generally 6–7 km wide in north Greenland, 9–
11 km wide on thicker Antarctic glaciers, but larger values
(25 km) are observed in areas that are lightly grounded or
where tidal flexing is highly contorted by boundary condi-
tions. J is where ice reaches hydrostatic equilibrium for the
first time, typically 500 m to 1 km from G. J is difficult to
position because it requires a precise knowledge of ice sur-
face elevation, ice thickness, density of seawater and firn
depth correction, all of which may vary spatially. Ice is
depressed below hydrostatic equilibrium between J and H
and is slightly above hydrostatic equilibrium between G and
J [e.g., Rignot et al., 1997; Rignot, 2001]. Ice does not reach
full, stable hydrostatic equilibrium until beyond H. If we
assume hydrostatic equilibrium at G, the error in calculated

ice thickness averages 80 ± 20 m in Antarctica [Rignot et al.,
2008]. Here, we map G directly with DInSAR, by positioning
it at the inner limit of tidal motion, i.e., where vertical motion
of ice is detected for the first time above the noise level
(Figure 1).
[7] We use data from the Earth Remote Sensing Satellite 1

and 2 (ERS‐1/2) for years 1992, 1994, and 1996 in the
Antarctic Peninsula, West Antarctica north of 81°S, Victoria
Land and Wilkes Land in East Antarctica; RADARSAT‐1
in year 2000 in East Antarctica; RADARSAT‐2 in year
2009 for areas south of 81°S; and ALOS PALSAR in 2007–
2008 in select areas north of 77.6°S (Figure 2). The tech-
nique is satellite independent. Data from multiple satellites
are co‐registered with a precision better than 50 m. Multiple
mappings are done in some areas to evaluate short term
and long term grounding line migrations. The premises of
DInSAR are described by Rignot [1996] and will not be
repeated here. We difference two interferograms spanning
the same time interval (or scaled to be so) with the exact
same imaging geometry, i.e., acquired along the same sat-
ellite track. A key component of our analysis is to migrate
image pixels before forming the interferograms by first
calculating the motion field using a speckle tracking tech-
nique [Michel and Rignot, 1999] and then displace the
image pixels accordingly to restitute phase coherence. Each
interferogram measures range displacements caused by sur-
face topography (stereoscopic effect), imaging geometry
(interferometric baseline), the mostly horizontal and steady
creep‐flow of ice driven by sliding and gravity (glacier flow),
the vertical flapping of the glacier up and down with oceanic
tides (tidal motion), plus noise. The differencing removes the
glacier flow signal. Surface topography if known is removed,
otherwise we select interferograms with a short differential
baseline so no topographic correction is required. Tidal
motion has a distinct signature of elastic bending that is
easily separated from atmospheric/ionospheric errors (ran-
dom blobs/streaks of artificial motion), surface drawdown
(only observed on grounded ice), changes in snow depth
(large scale features), or glacier acceleration (tidal motion is
smeared). Grounding lines are mapped in the range domain
to preserve the original resolution of the data (10 m) and geo‐
referenced to an Earth‐fixed grid using Bamber et al.’s
[2009] digital elevation model.
[8] Mapping G using a single interferogram is exceptional

or rare on ice streams [Goldstein et al., 1993], if not mis-
leading. It is only practical in areas of very low longitudinal
stresses, where horizontal strain rates are negligible com-
pared to vertical strain rates associated with tidal flexure.
Approaches based on spatial coherence in single inter-
ferograms suffer from the same shortcoming [Gray et al.,
2002; Joughin and Bamber, 2005]. Phase coherence drops
at H as regularly‐spaced interferometric fringes (360 degree
variation in phase) associated with ice shelf flow on water
suddenly mix up with tidal fringes. At G, phase coherence is
only restituted if grounded ice is nearly stagnant or slow
moving, e.g., on an ice rise; otherwise phase coherence
decreases again at G as ice motion over a rough bed com-
plicates the pattern of interferometric fringes. As a result, the
technique is more likely to detect H than G (see below).
[9] The quality of grounding line mapping depends on the

satellite data used (ERS‐1/2 and RADARSAT‐1/2 are better
than ALOS PALSAR), the length of the interferometric
baseline (short baselines yield more accurate positioning),

Figure 1. Grounding zone of Petermann Glacier, Green-
land, with the limit of tidal flexing (F), the grounding line
(G), the line of first hydrostatic equilibrium (J), the break
in surface slope (I), the maximum extent of the flexure zone
(H), ice surface elevation above mean sea level from laser
altimetry (thin black line), bed topography from radio echo
sounding (thick black line), bed depth calculated from
hydrostatic equilibrium (dashed black line), the unknown
seafloor (over‐deepening likely exceeds 800 m) and tidal
flexing measured with ERS‐1 DInSAR in millimeter of ver-
tical motion (red thick line). The color inset on top shows
the DInSAR interferometric fringes, color coded from 0
and 2p, from blue to yellow, red and blue, and delineates
F (dotted white line near G), G (white line), and H (dotted
white on floating ice). Ice flows from left (grounded ice)
to right (floating ice).
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Fig. 1. Notation for the problem to be solved.

and the momentum conservation equations

divσ = ρig , (5)

where σ = S − pI is the Cauchy stress with p the isotropic
pressure; ρi is the ice density and g the gravity vector.
In the present problem, the lateral boundaries of the

domain are a dome and a calving front. The dome is assumed
to be axisymmetric for the flow problem, which implies that
ux (0, z) = 0. The calving front is an artificial cutting of the
shelf, which can be seen as the point where icebergs are
calved. The exact position of the calving front is not relevant
to our problem because it does not influence the upstream
flow. This surface undergoes the sea-ice pressure, pw(z, t ),
which evolves vertically as

{
pw(z, t ) = ρwg (lw(t )− z) , z < lw(t )
pw(z, t ) = 0 , z ≥ lw(t )

(6)

where ρw is the sea-water density and lw the sea level.
In addition to the lateral boundaries, the ice body is

bounded by two free surfaces, namely the stress-free upper
surface, z = zs(x, t ), and the bottom surface, z = zb(x, t ),
at the interface between the bed or sea and the ice. The
evolution of the two free surfaces is determined by solving
a local transport equation. Note also that the length of the
sea/ice interface, starting from the grounding line, xG(t ), is
not known in advance and is part of the solution.
The upper surface is a stress-free surface, which implies

that n · (σ · n )|s = patm ≈ 0, where n is the unit normal
vector of the surface pointing outward and the subscript ‘s’
denotes the value taken at the ice/air interface. The equation
governing the upper stress-free surface evolution reads:

∂zs
∂t

+ ux(x, zs)
∂zs
∂x

− uz(x, zs) = a(x, t ) , (7)

where ui (x, zs) denotes the upper surface velocity in the
horizontal (i = x) and vertical (i = z) directions and a(x, t )
is the accumulation/ablation function given as a vertical flux
at the upper surface. In what follows, the accumulation is
supposed constant both in space and in time (see Table 1).
The bottom sea stress-free surface obeys the following

equation:

∂zb
∂t

+ ux (x, zb)
∂zb
∂x

− uz (x, zb) = 0 , (8)

Table 1. Values of the parameters used in this study, which
correspond to steps 5 and 6 of the Marine Ice-Sheet Intercomparison
Project (MISMIP) benchmark, but are expressed differently, as here
the fluidity parameter is B = 2A. However, numerically the
constitutive relations are rigorously the same

Parameter Value Unit

a 0.3 ma−1

B1 3.16× 10−18 Pa−3 a−1

B2 6.31× 10−18 Pa−3 a−1

n 3
C 2.41× 104 Pam−1/3 a1/3

m 1/3
ρw 1000 kgm−3

ρi 900 kgm−3

g 9.8 ms−2

where accretion of sea water by refreezing or melt of bottom
ice is neglected. Note that this equation is still valid for the
points on the bottom surface which are in contact with the
bedrock. Assuming a rigid, impenetrable bedrock, z = b(x),
the following topological conditions must be fulfilled by zs
and zb:

zs(x, t ) > zb(x, t ) ≥ b(x) ∀x, t . (9)

As a consequence, the unilateral link between the ice and the
bedrock can be treated as a contact problem: the ice cannot
penetrate the bedrock but is allowed to move away from
it (Lestringant, 1994). Resolutions of the contact problem
have been inspired by previous studies on subglacial cavities,
namely the works of Schoof (2005) and Gagliardini and
others (2007). At a given point, x, ice is assumed to be in
‘true’ contact with the bedrock (and corresponding boundary
conditions are applied; see below) if the ice touches the bed
and the stress exerted by the ice is larger than the sea-water
pressure. Conversely, the ice is assumed to be in contact with
the sea if the bottom surface is above the bed or if the ice
touches the bed and the sea-water pressure remains larger
than the normal stress, σnn. In other words:

(1) the ice/bedrock boundary condition applies if

zb(x, t ) = b(x) and − σnn|b > pw(zb, t ) , (10)

(2) the ice/sea boundary condition applies if

zb(x, t ) > b(x) ,
or zb(x, t ) = b(x) and − σnn|b ≤ pw(zb, t ) ,

(11)

where the subscript |b denotes the value taken at the
bottom surface. For the flow problem, two different boundary
conditions have to be applied, depending on whether the
ice is in contact with the bedrock or with the sea. For the
ice/bedrock boundary condition (i.e. condition (1) above), a
non-linear friction law is applied:

{
τb = t · (σ · n )|b = Cumb ,
u · n = 0. (12)

where τb is the basal shear stress, ub = u · t is the sliding
velocity at the base and t is the tangent vector to the surface
zb. The parameters C and m entering the friction law are
given in Table 1. For the ice/sea boundary condition (i.e.
condition (2) above), the ice is sliding perfectly over the sea,
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• Simplified stress balance

• Hydrostatic condition:
Hydrostatic thickness:

Contact problem

• Full-Stokes stress balance

• Boundary condition:
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• Very high resolution required in the grounding line area
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and the momentum conservation equations

divσ = ρig , (5)

where σ = S − pI is the Cauchy stress with p the isotropic
pressure; ρi is the ice density and g the gravity vector.
In the present problem, the lateral boundaries of the

domain are a dome and a calving front. The dome is assumed
to be axisymmetric for the flow problem, which implies that
ux (0, z) = 0. The calving front is an artificial cutting of the
shelf, which can be seen as the point where icebergs are
calved. The exact position of the calving front is not relevant
to our problem because it does not influence the upstream
flow. This surface undergoes the sea-ice pressure, pw(z, t ),
which evolves vertically as

{
pw(z, t ) = ρwg (lw(t )− z) , z < lw(t )
pw(z, t ) = 0 , z ≥ lw(t )

(6)

where ρw is the sea-water density and lw the sea level.
In addition to the lateral boundaries, the ice body is

bounded by two free surfaces, namely the stress-free upper
surface, z = zs(x, t ), and the bottom surface, z = zb(x, t ),
at the interface between the bed or sea and the ice. The
evolution of the two free surfaces is determined by solving
a local transport equation. Note also that the length of the
sea/ice interface, starting from the grounding line, xG(t ), is
not known in advance and is part of the solution.
The upper surface is a stress-free surface, which implies

that n · (σ · n )|s = patm ≈ 0, where n is the unit normal
vector of the surface pointing outward and the subscript ‘s’
denotes the value taken at the ice/air interface. The equation
governing the upper stress-free surface evolution reads:

∂zs
∂t

+ ux(x, zs)
∂zs
∂x

− uz(x, zs) = a(x, t ) , (7)

where ui (x, zs) denotes the upper surface velocity in the
horizontal (i = x) and vertical (i = z) directions and a(x, t )
is the accumulation/ablation function given as a vertical flux
at the upper surface. In what follows, the accumulation is
supposed constant both in space and in time (see Table 1).
The bottom sea stress-free surface obeys the following

equation:

∂zb
∂t

+ ux (x, zb)
∂zb
∂x

− uz (x, zb) = 0 , (8)

Table 1. Values of the parameters used in this study, which
correspond to steps 5 and 6 of the Marine Ice-Sheet Intercomparison
Project (MISMIP) benchmark, but are expressed differently, as here
the fluidity parameter is B = 2A. However, numerically the
constitutive relations are rigorously the same

Parameter Value Unit

a 0.3 ma−1

B1 3.16× 10−18 Pa−3 a−1

B2 6.31× 10−18 Pa−3 a−1

n 3
C 2.41× 104 Pam−1/3 a1/3

m 1/3
ρw 1000 kgm−3

ρi 900 kgm−3

g 9.8 ms−2

where accretion of sea water by refreezing or melt of bottom
ice is neglected. Note that this equation is still valid for the
points on the bottom surface which are in contact with the
bedrock. Assuming a rigid, impenetrable bedrock, z = b(x),
the following topological conditions must be fulfilled by zs
and zb:

zs(x, t ) > zb(x, t ) ≥ b(x) ∀x, t . (9)

As a consequence, the unilateral link between the ice and the
bedrock can be treated as a contact problem: the ice cannot
penetrate the bedrock but is allowed to move away from
it (Lestringant, 1994). Resolutions of the contact problem
have been inspired by previous studies on subglacial cavities,
namely the works of Schoof (2005) and Gagliardini and
others (2007). At a given point, x, ice is assumed to be in
‘true’ contact with the bedrock (and corresponding boundary
conditions are applied; see below) if the ice touches the bed
and the stress exerted by the ice is larger than the sea-water
pressure. Conversely, the ice is assumed to be in contact with
the sea if the bottom surface is above the bed or if the ice
touches the bed and the sea-water pressure remains larger
than the normal stress, σnn. In other words:

(1) the ice/bedrock boundary condition applies if

zb(x, t ) = b(x) and − σnn|b > pw(zb, t ) , (10)

(2) the ice/sea boundary condition applies if

zb(x, t ) > b(x) ,
or zb(x, t ) = b(x) and − σnn|b ≤ pw(zb, t ) ,

(11)

where the subscript |b denotes the value taken at the
bottom surface. For the flow problem, two different boundary
conditions have to be applied, depending on whether the
ice is in contact with the bedrock or with the sea. For the
ice/bedrock boundary condition (i.e. condition (1) above), a
non-linear friction law is applied:

{
τb = t · (σ · n )|b = Cumb ,
u · n = 0. (12)

where τb is the basal shear stress, ub = u · t is the sliding
velocity at the base and t is the tangent vector to the surface
zb. The parameters C and m entering the friction law are
given in Table 1. For the ice/sea boundary condition (i.e.
condition (2) above), the ice is sliding perfectly over the sea,
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Fig. A1. Grounding line discretization. Grounding line exact location (a), no sub-element parameterization (NSEP, b), sub-element parame-
terization 1 (SEP1, c), sub-element parameterization 3 (SEP2, d) and sub-element parameterization 3 (SEP3,e).

Fig. A2. Steady state grounding line position in y = 0 as a function of mesh refinement for NSEP (blue stars), SEP1 (green crosses) and
SEP2 (red circles).

Figure 1. Grounding line discretization. Grounding line exact location (a), no sub-element parameterization (NSEP, b), sub-element param-
eterization 1 (SEP1, c), sub-element parameterization 2 (SEP2, d) and sub-element parameterization 3 (SEP3, e).

The position of the grounding line is determined by a
floatation criterion: ice is floating if its thickness, H , is equal
or lower than the floating height Hf defined as follows:

Hf = �⇢w
⇢i

r, r < 0, (3)

where ⇢i is the ice density, ⇢w the ocean density and r the
bedrock elevation (negative if below sea level). Grounding
line is therefore located where H = Hf:

H > Hf ice is grounded, (4)
H = Hf grounding line position, (5)
H < Hf ice is floating. (6)

2.2 Domain discretization

The domain is discretized with a 2-D isotropic uniform un-
structured triangle mesh. Velocity and geometry fields are
computed on each vertex of the mesh using Lagrange P1
(piecewise linear) finite elements. Element size varies be-
tween 5 km for the lowest resolution and 250 m for the high-
est resolution and is uniform within each mesh.

Grounding line position (Fig. 1a) is based on the hydro-
static equilibrium condition as described above and three dif-
ferent techniques are used to parameterize its position. As the
same SSA equations are used on the entire domain to com-
pute the stress balance, the only difference between grounded
and floating ice is the presence or absence of basal friction.

In the first method, each element of the mesh is either
grounded or floating: floatation criterion is determined on
each vertex of the triangle and if at least one vertex of the
triangle is floating, the element is considered floating and
no friction is applied. Otherwise, if the three vertices are
grounded, the element is considered grounded. This is the
simplest approach used by fixed grid models to determine
grounding line positions (Vieli and Payne, 2005), in which
the grounding line is defined as the last grounded point. We
refer to this technique as no sub-element parameterization
(NSEP, Fig. 1b).

In the second method, the floating condition is a 2-D field
and the grounding line position is determined by the line
where H = Hf, so it is located anywhere within an element.
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Grounding line position (Fig. 1a) is based on the hydro-
static equilibrium condition as described above and three dif-
ferent techniques are used to parameterize its position. As the
same SSA equations are used on the entire domain to com-
pute the stress balance, the only difference between grounded
and floating ice is the presence or absence of basal friction.
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each vertex of the triangle and if at least one vertex of the
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• First complete map of 
Antarctic surface velocities

• Rivers of ice that discharge 
most of the ice into the 
ocean

• Capture accurately critical 
areas: anisotropic mesh

• Fastest flow in ice streams 
and ice shelves

simplification of the gravitational driving stress
equation of motion (4). The precision of balance
velocity is affected by uncertainties in snow ac-
cumulation, major gaps in ice thickness data,
and poor topographic coverage near the South
Pole. Nor does the technique apply to floating
ice shelves or replicate the correct width and
extent of ice streams and tributaries (5). As a
result, there is no clear picture of ice sheet mo-
tion at the continental scale, from topographic
divides to a set of narrow, fast-moving glaciers
that control most of the ice sheet discharge into
the ocean. This lack of broad-scale detailed ob-
servation of ice motion has placed a fundamental
limit on the capability and reliability of numerical
models of ice sheet evolution (6).

On the eve of the international polar year,
international space agencies worked together to
enable a complete InSAR survey of Antarctica.
We used spring 2009 data from RADARSAT-2
[Canadian Space Agency (CSA) and MacDonald,
Dettwiler, and Associates Limited (MDA)]; spring
2007, 2008, and 2009 data from Envisat ASAR
[European Space Agency (ESA)]; and fall 2007
to 2008 data from the Advanced Land Observ-
ing Satellite (ALOS) PALSAR [Japan Aerospace
Exploration Agency (JAXA)], complemented by
patches of CSA’s RADARSAT-1 data from fall
2000 (7) and ESA’s Earth Remote-Sensing Satel-
lites 1 and 2 (ERS-1/2) data from spring 1996 (2).
Each radar instrument contributes its unique cov-
erage and performance level (fig. S1).

The final mosaic assembles 900 satellite tracks
and more than 3000 orbits of radar data (Fig. 1).
The data are georeferenced with a precision bet-
ter than one pixel, here 300 m, to an Earth-fixed
grid by using a digital elevation model (DEM)
(8). Absolute calibration of the surface velocity
data relies on control points of zero motion dis-
tributed along the coast (stagnant areas near ice
domes or emergent mountains) and along major
ice divides (areas of zero surface slope in the
DEM) in a set of coast-to-coast advanced syn-
thetic aperture radar (ASAR) tracks (fig. S1).
The mapping precision varies with instrument,
location, technique of analysis, repeat cycle, time
period, and data stacking. Nominal errors range
from 1 m/year along major ice divides with high
data stacking to about 17 m/year in areas affected
by ionospheric perturbations (fig. S2). In terms of
strain rate, or changes in velocity per unit length,
data noise is at the 3 × 10−4 per year level, which
is sufficient to reveal effective strain rates along
tributary shear margins over the vast majority of
the continent (Fig. 2A).

Ice velocity ranges from a few cm/year near
divides to a few km/year on fast-moving glaciers
and floating ice shelves, or 5 orders of magni-
tude. The histogram in surface velocity has a
bimodal distribution with a main peak at 4 to
5 m/year, corresponding to slow motion in East
Antarctica, and a second peak at 250 m/year,
driven by the fast flow of glaciers and ice shelves.
The fastest glaciers, Pine Island and Thwaites,
are several times faster than any other glacier

and unique in terms of how far inland fast flow
prevails. This is indeed the sector of most rapid
change at present, over the widest area, and with
the greatest impact on total ice sheet mass bal-
ance (2). Other fastest-moving glaciers include
the Larsen B glaciers in the peninsula, which
accelerated in response to ice shelf collapse (9);
the Ferrigno and Land glaciers in the west; and
the Ninnis, Frost, Totten, Denman, and Shirase
glaciers in the east.

There is reasonably good agreement between
observed surface velocity and balance velocity
(Fig. 2B) near ice divides; however, large differ-
ences exist within each basin and especially near
the coast, demonstrating that the direct measure-
ment of ice velocity is crucial to capture continental-
wide ice motion accurately. Figure 1 reveals a
wealth of new information. For instance, the exact
pathway of ice along the coastline is not without
surprise. In Queen Maud Land, the main trunk
of Jutulstraumen is not to the south through
Penck trough but to the east of Neumayer Cliffs
(10). The Sør Rondane Mountains were known
to deflect ice flow to the east and to the west

through Hansenbreen and Brydbreen glaciers,
but the main ice sheet discharge is from two
large (80-km) unnamed ice streams (named SøR
Rondane and Belgica in Fig. 1 for convenience)
that flow at 100 to 200 m/year around the Belgica
Mountains for more than 500 km inland (11).
Farther east, the fast-flowing core of Shirase Gla-
cier does not extend far inland, but little-studied
Rayner Glacier to the east flows above 100 m/year
for more than 200 km inland, presumably along
a deep subglacial trough (12). In the Antarctic
Peninsula, the tributaries of Wilkins Ice Shelf
and of the northern sector of George VI Ice Shelf
abruptly transition to zero velocity when they
mix with the floating ice shelves. We attribute
this spectacular termination of the glaciers to
massive rates of basal ablation of the ice shelves
by the underlying warm ocean (13).

An interesting aspect is the spatial pattern of
tributary flow. Each major glacier is the merger
of several tributaries that extend hundreds of km
inland. Although this was observed in the par-
tial mapping of Siple Coast (14) and Pine Island
(15), this is now observed over the entire ice sheet.

Fig. 1. Antarctic ice velocity derived from ALOS PALSAR, Envisat ASAR, RADARSAT-2, and ERS-1/2
satellite radar interferometry, color-coded on a logarithmic scale, and overlaid on a MODIS mosaic of
Antarctica (22), with geographic names discussed in the text. Pixel spacing is 300 m. Projection is polar
stereographic at 71°S secant plane. Thick black lines delineate major ice divides (2). Thin black lines
outline subglacial lakes discussed in the text. Thick black lines along the coast are interferometrically
derived ice sheet grounding lines (23).
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MORLIGHEM ET AL.: ANTARCTIC BASAL FRICTION INVERSION
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Figure 3. (a) Modeled surface velocity (m/yr) after inversion, (b) interferometric synthetic aperture
radar-derived surface velocity (m/yr) of the Antarctic Ice Sheet [Rignot et al., 2011], overlaid on a
RADARSAT-1 backscatter image.

The last term of equation (29) was neglected in the incom-
plete adjoint (equation (22)). We cannot derive the local
equations and we compute the adjoint state by solving this
weak formulation directly.

4. Application to the Antarctic Ice Sheet
[22] We employ the SeaRISE data set to initialize our

model of the Antarctic Ice Sheet. The surface elevation
is from Bamber et al. [2009], bed topography merges
BEDMAP1 [Lythe and Vaughan, 2001], and the AGASEA
UT/BAS ice thickness data from year 2004 [Vaughan et al.,
2006; Holt et al., 2006], and ice shelf thickness is from
Griggs and Bamber [2011]. For the thermal regime, we
employ the surface temperatures from Comiso [2000] and
the geothermal heat flux from Maule et al. [2005]. Surface
velocities are from Rignot et al. [2011].

[23] To constrain the ice rigidity, we calculate the
thermal regime of the ice sheet assuming thermal steady
state and translate the corresponding temperature field
into an ice rigidity field using Cuffey and Paterson [2010].
On ice shelves, we use the surface velocities to infer ice

rigidity—basal friction is zero—using a model inversion
[Rommelaere and MacAyeal, 1997; Morlighem et al., 2010].
All the numerical modeling is carried out using the open
source Ice Sheet System Model (ISSM) software [Larour
et al., 2012].

[24] In order to accurately capture both fast narrow ice
streams and slower regions, while maintaining a reasonable
computational cost, we rely on an anisotropic mesh refine-
ment [Morlighem et al., 2010] to minimize the interpolation
error of surface velocity and ice thickness and the total num-
ber of mesh elements. The resulting mesh comprises 64,000
triangles, with a resolution of 3 km along the coast. This
two-dimensional mesh is vertically extruded into 14 hor-
izontal layers forming a three-dimensional mesh of about
825,000 elements. We initialize the model with the data set
described above and solve the inverse problem on National
Aeronautics and Space Administration’s (NASA) Pleiades
supercomputer.

[25] We use !1 = 1 and then choose !2 such that the first
two terms have about the same order of magnitude, which
gives here !2 = 100. !t, the Tikhonov regularization param-
eter, is calibrated with an L-curve analysis [Hansen, 2000;
Jay-Allemand et al., 2011]. The Tikhonov parameter must be
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Figure 4. (a) Inferred basal friction, !b (kPa), (b) calculated driving stress, !d (kPa), (c) difference
between driving stress and basal friction (kPa). The driving stress and basal friction are on average within
15% of each other, over 80% of the ice sheet.
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Fig. 1. Basal melt rates of Antarctic ice shelves color coded from < –5 m/year (freezing) to > +5 m/year (melting) and overlaid on a 
2009 MODIS mosaic of Antarctica. Ice-shelf perimeters in 2007–2008, excluding ice rises and ice islands, are thin black lines. Each 
circle graph is proportional in area to the mass loss from each shelf, in gigatons (1 Gt = 1012 kg) per year, partitioned between 
iceberg calving (hatch fill) and basal melting (black fill). See Table 1 and table S1 for additional details on ice shelf locations, areas, 
and mass balance components. 
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Rignot et al., 2013

• Limited direct observations
• Melt rate estimates:

• Equal contribution of calving 
and melting (～1300 Gt/yr)

• Similar results in Depoorter et 
al. (2013)

• Variety of ice shelves (size, 
melt rate, calving rate, …)
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Figure 1 | Maximum buttressing of Antarctic ice shelves. The field serves to infer the extent of the PSI area (red contours). For the labelled ice-shelf
regions, we computed PSI-area percentages (pie charts and blue numbers). Regional percentage values (bold blue numbers) are given for six sectors
(separated by black bars) and for the whole of Antarctica. Maximum buttressing is less informative further upstream, where values exceed 1. There, spatial
di�erences, in how much grounded ice outflow is restrained, are deducible from buttressing quantified in flow direction (Supplementary Section 2.1). Red
contours are smoothed (4-km moving average). Black contours delineate floating areas. Background map data from ref. 31; 2008-2009 MODIS Mosaic.

rise to concerns on the dynamic integrity of the ice shelf8. If further
propagation of the ice rift triggered a calving event, it will mostly
remove passive shelf ice. From the buttressing regime, we anticipate
no significant ice-shelf speed-up, let alone an abrupt increase in
ice discharge. However, the ice front will take on a concave shape,
a state that all former northern parts of Larsen Ice Shelf adopted
before their respective break-up11–14. Even if LarsenC detached from
Bawden Ice Rise, an instant ice discharge increase is not confirmed,
although a large portion of the ice shelf accelerates (Supplementary
Section 3.1).

A first proof of principle in the observational record comes
from Mertz Glacier. In 2010, more than half of its floating ice
tongue (⇠55%) calved o� as a vast tabular iceberg without causing a
significant acceleration of the extant glacier trunk23. Our buttressing
analysis provides an explanation, as the lost portion primarily
contained PSI, which constituted 52.5% of the glacier tongue before
calving (Fig. 1). A second indication for the applicability of the
PSI concept is provided by the major calving event in 2008 on
Wilkins Ice Shelf24 that partially removed a buttressed ice bridge.
Before calving, ⇠3% of the area contained PSI. Calving cut into
highly buttressed ice and should have caused an acceleration.

Satellite observations confirm that the ice-shelf front sped up, but
the acceleration did not extend far beyond prominent ice rises
(Supplementary Section 3.2).

For the whole of Antarctica, we find a 13.4% PSI-area fraction
(Fig. 1), which we consider a safety band under future ice-front
retreat. The fraction of the PSI area also gives an indication of
the ice-front shape. On the one hand, five out of the seven ice
shelves with a PSI-area fraction below 5% have concave or rather
straight ice fronts. On the other hand, well-expressed convex ice
fronts prevail for PSI-area fractions exceeding ⇠10%. Outstanding
in terms of a large relative PSI-area extent are the ice tongues of
Mertz and Drygalski glaciers, with 52.5% and 49.5%, respectively.
These ice tongues are largely unconfined outside the narrow
glacier embayment and kept in place by prolific inflow from
upstream. Apart from such unconstrained ice tongues, ice shelves
can also show a relatively large PSI area. Prominent examples are
Brunt/Stancomb-Wills and Shackleton ice shelves, with 35.5 and
28.8% of their respective total areas being removable without major
consequences for the upstream ice flow. The smallest PSI-area
fractions are found for Cosgrove (2.7%) and Dotson (1.5%) ice
shelves, both located in the Amundsen Sea sector.

2

© 2016 Macmillan Publishers Limited. All rights reserved

NATURE CLIMATE CHANGE | ADVANCE ONLINE PUBLICATION | www.nature.com/natureclimatechange

Fuerst et al., 2016
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Figure 1. (a) Location map of the Antarctic Peninsula including locations of Larsen C and George VI ice shelves and localities mentioned in
the text. (b) Bedrock elevations below sea level in metres for the Antarctic Peninsula from BEDMAP2 (Fretwell et al., 2013). The colour bar
is truncated at 0 m. Red inset rectangles delineate the locations of zoomed-in areas in Figs. 2, 5, 6, and 8. Black polygons denote ice-sheet
model domains.

nism, a tendency of grounding-line retreat to accelerate in the
absence of compensating forces (Schoof, 2007; Gudmunds-
son et al., 2012).

Here we use three ice-sheet models of varying complexity
to compute the upstream glacier response and sea-level rise
commitment following the potential collapse of the Larsen
C and George VI ice shelves. Owing to differences in model
set-up and physics, this study does not provide a full model
intercomparison, but rather presents a multi-model spread
sea-level envelope assessment using a range of ice-flow ap-
proximations: (i) the linearised shallow-ice approximation
(SIA) model BAS-APISM (Barrand et al., 2013); (ii) the
hybrid sheet-shelf model PSU3D (Pollard and DeConto,
2012a), and (iii) the vertically integrated sheet-shelf model
BISICLES (Cornford et al., 2013). This multi-model ap-
proach provides a starting point for regional ice-sheet model
forecasts and sea-level impact studies and allows examina-
tion of process differences in glacier responses across the
drainage basins of the Larsen C and George VI ice shelves.

2 Methods

The ice-sheet models BAS-APISM (Barrand et al., 2013),
BISICLES (Cornford et al., 2013), and PSU3D (Pollard and
DeConto, 2012a) have been described in detail elsewhere. A
summary of model description, parameterisation, and exper-
imental design relevant to this study are presented here, in-
cluding important changes to model set-ups from previously
published configurations. Model domains vary across the

models with BAS-APISM and BISICLES including the en-
tire Antarctica Peninsula and PSU3D simulating the Larsen
C embayment and George VI embayment separately (red
rectangles in Fig. 1).

2.1 Ice-sheet model description

BAS-APISM (Barrand et al., 2013) simulates ice flow by
solving the simplest permissible force balance approxima-
tion – the linearised SIA. Owing to the linearisation, the
model is less sensitive to ice thickness errors than traditional
SIA-based models. The linear nature of the model equations
permits a simple summation of sea-level rise contributions
from individual drainage basins to provide an ice-sheet-wide
estimate. As the SIA is not valid for floating ice shelves
(Hutter, 1983), only the grounded ice sheet is simulated and
grounding-line retreat is parameterised through a statistical
model. In response to ice-shelf collapse, this model scales
the expected retreat of the grounding line to the amount of
buttressing at the ice front of each drainage basin (Schan-
nwell et al., 2016). Ice-shelf buttressing was computed from
the output of an ice-sheet model inversion (Arthern et al.,
2015). As BAS-APISM cannot simulate grounding-line ad-
vance, ice-shelf flow, or ice-shelf buttressing, this model is
only employed in Experiment 1 (immediate ice-shelf col-
lapse) where ice-shelf flow is not explicitly simulated (See
Sect. 2.5) and immediate ice-shelf collapse is assumed.

PSU3D (Pollard and DeConto, 2012a) simulates ice flow
by using a hybrid combination of the scaled SIA and shallow-
shelf approximation (SSA) equations. The SSA is valid for

The Cryosphere, 12, 2307–2326, 2018 www.the-cryosphere.net/12/2307/2018/

Larsen B
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response number θB we can therefore analyse the relative impor-
tance of different ice-shelf regions on the basis of their influence on 
the immediate flux change through shifts in the stress pattern.

Owing to the diagnostic approach, our analysis is based solely 
on present-day ice-shelf and ice-sheet conditions and is therefore 
independent of assumptions about changes in climatic boundary 
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Fig. 1 | Buttressing flux response numbers (θB) for Antarctic ice shelves. At the location of each perturbation, the ratio of immediate change in ice flux 
across all grounding lines to the locally induced ice-shelf thinning is shown (expressed in percentages). As described in the Methods, the ice shelves  
are locally thinned by 1!m over areas of 20!km!× !20!km. Grounding lines and ice front positions are indicated by grey lines. In grounded regions, ice speed  
is shown in grey, ranging up to 1,000!m per year. a, Antartic ice shelves. b–e, Enlargements of selected ice shelves shown in a. b, Ross Ice Shelf.  
c, Filchner–Ronne Ice Shelf. d, Amundsen Sea area. e, Larsen C Ice Shelf area. IR, ice rises; IS, ice streams.
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Figure 1. (a) Flow speed of the Amundsen Sea Embayment (ASE) sector of West Antarctica, color coded on a logarithmic
scale and obtained combining satellite observations spanning from year 1996 to year 2013 with flux gates at the location
of the grounding lines in 2011 (thick black lines) [Rignot et al., 2011a] and topographic divides (thin black lines); and
(b) change in flow speed between 2008 and 1996 color coded on a logarithmic scale and overlaid on a MODIS mosaic.

the 2011 grounding-line positions. The flux is corrected to account for surface mass balance and ice thin-
ning between the flux gate and the 2011 grounding line. This process helps quantify errors in flux estimates.
When few gaps are present in the velocity record along flux gates (< 30%), we employ ice velocity from the
closest year with no gap, which we adjust vertically at both ends of the missing segments and linearly inter-
polate in between. For years with more than 30% gap, we scale the ice flux to that measured in the closest
year with no gap.

FollowingWingham et al. [2009], ice thinning is modeled as a parabolic trend: h(!) = h2004 − ḣ2004(! − 2004)
− 1

2
ḧ2004(!−2004)2, where h(!) is the ice thickness at a given year ! , h2004 is the ice thickness from BedMap-2

[Fretwell et al., 2013] in 2004, ḣ2004 is the thickening rate (> 0 means thickening) deduced from 2003–2008
ICESat data calculated as in Pritchard et al. [2012] (see supporting information), and ḧ2004 is the acceleration
in thickening in 2004.Wingham et al. [2009] estimate ḧ2004 = −0.12m/yr2 between 1995 and 2006 for Pine
Island Glacier, or about 7% of the 2004 thinning rate. For the other glaciers, we assume an acceleration in
ice thinning at the grounding line ḧ04 of 7% of ḣ04. This would mean that ice started thinning around 1988
with a quadratic increase since then. Thus, we neglect the glacier thinning that may have occurred during
the period 1973–1988 [Jenkins et al., 2010]. We have no information on thinning rates prior 1992, but they
were presumably smaller, because the glacier acceleration was less. Assuming a thinning rate of 1m/yr, the
glaciers may have been 15m thicker in 1973 than in 1988, which corresponds to an error of about 1% on the
ice flux.

The error in ice thickness is 40m [Fretwell et al., 2013]. Estimates of flux error $F integrate errors in velocity
$V and thickness $H along flux gates as $F = H$V + V$H. When a scaling factor is used to estimate flux, the
associated error $F is calculated as $F = %$F0 + F0$%, where % is the scaling factor and F0 the scaled flux (see
supporting information). $% is taken as 0.05.

In 1996 and 2008, a nearly complete mapping of ice velocity over the northernmost reaches of the entire
ASE sector was possible. We detect the spatial pattern of change in ice velocity (Figure 1b). Comprehensive
mappings of velocity change are also available for 2009, 2010, and 2011. Velocity mapping is only partial
prior to 1996 or after 2011 due to a lack of data acquisition by satellites or the termination of satellite mis-
sions. In the upper reaches of Thwaites and Pine Island Glaciers, data coverage is incomplete due to sparse
data acquisitions, combined with low coherence levels attributed to significant reworking of the ice/snow
surface by weathering.

MOUGINOT ET AL. ©2014. American Geophysical Union. All Rights Reserved. 3
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Figure 1. (a) Ice mass trend estimated using GRACE time-variable gravity in centimeter of water equivalent. The red contour delineates 0 cm yr−1. (b) Change in
ice flux density between 1996 and 2008 combining velocity changes from Mouginot et al. [2014] and ice thickness from Rignot et al. [2014]. (c) Elevation change
estimated using repeat Envisat radar altimetry from Flament and Rémy [2012]. (d) Elevation change from laser altimetry combining ICESat-1 (GLAS) with Operation
IceBridge (ATM and LVIS). Contours on Figures 1c and 1d denote surface ice speeds of 125 (red), 250 (blue), and 500 (green) m/yr from Rignot et al. [2011a]. Plots
are overlaid on a MODIS mosaic of Antarctica [Haran et al., 2013].

NASA/DLR GRACE (Gravity Recovery and Climate Experiment) satellite mission, 22 years of ice discharge
from interferometric synthetic aperture radar (InSAR) data and surface mass balance (SMB) output prod-
ucts from the Regional Atmospheric Climate Model (RACMO2.3) [van Wessem et al., 2014], ice thickness data
derived from Operation IceBridge (OIB) radio echo sounding, 9 years of radar altimetry data from the Euro-
pean Space Agency Environmental Satellite (Envisat) mission, 7 years of laser altimetry data from ICESat, and
3 years from OIB. We determine the differences between the different methods in terms of mass balance,
dM(t)∕dt, and acceleration in mass balance, d2M∕dt2, and conclude with a reconciled and comprehensive
estimate of the ASE contribution to sea level in 1992–2014 evaluated using multiple techniques.

2. Data andMethods

We use 135 monthly GRACE Release-5 (RL05) gravity solutions provided by Center for Space Research (CSR)
for the period April 2002 to May 2014 [Bettadpur, 2012]. Each CSR solution consists of fully normalized spher-
ical harmonic coefficients (C!m, S!m) up to degree, !, and order,m, 60. We substitute the GRACE-derived C20
coefficients with monthly estimates from satellite laser ranging [Cheng et al., 2013], and we account for the
variation of the Earth’s geocenter using degree 1 coefficients provided by Swenson et al. [2008]. Leakage
effects from outside the ice sheet are calculated as described in Velicogna and Wahr [2013]. We correct the
GRACE mass changes for glacial isostatic adjustment (GIA), the Earth’s viscoelastic response to the glacial
unloading over the past several thousand years using GIA coefficients from Ivins et al. [2013] regional ice
deglaciation model. We smooth the corrected GRACE spherical harmonics using a 250 km radius Gaussian
averaging function [Jekeli, 1981], and we generate regular latitude-longitude monthly ice mass grids. We
use the grids to calculate the linear trend in a least squares regression simultaneously fitting annual and
semiannual signals [Velicogna, 2006;Wahr et al., 1998] to obtain digital maps of ice mass balance for the
ASE (Figure 1a).

We generate time series of ice mass balance for ASE by applying the least squares mass concentration
(mascon) approach described in Velicogna et al. [2014] to the Antarctic Ice Sheet. To do this, we cover the
entire ice sheet with a set of equal-area mascons (Figure S1 in the supporting information). Each mascon is
a 3◦ diameter spherical cap with a mass equal to a uniformly distributed centimeter of water [Farrell, 1972;
Sutterley et al., 2014]. For each mascon, we calculate a set of Stokes coefficients, which we smooth with a
250 km Gaussian function and convert into mass. We simultaneously fit the mascon Stokes coefficients to
the monthly GIA-corrected GRACE coefficients to obtain estimates of the monthly mass variability for each
mascon. This procedure retrieves scaled estimates of regional ice mass variation at each time step. We cal-
culate the mass anomaly time series, M(t), for the ASE through summation of the regional mascons. To
calculate dM∕dt, we first smooth the mass anomaly time series to remove annual variations and then cal-
culate the derivative over 13 month windows using a Savitzky-Golay filter [Velicogna, 2009; Savitzky and
Golay, 1964]. Uncertainty in the GRACE estimates of ice mass changes are a combination of GRACE measure-
ment error, leakage error, GIA uncertainty, and statistical uncertainty. Errors are calculated as described in
Velicogna et al. [2014].
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Figure 1. Velocity of the Amundsen Sea (AS) sector of West Antarctica derived using ERS-1/2 radar data in winter 1996
with a color coding on a logarithmic scale and overlaid on a Moderate Resolution Imaging Spectroradiometer mosaic
of Antarctica. Interferometrically derived grounding lines of the glaciers are shown in color code for years 1992, 1994,
1996, 2000, and 2011, with glacier and ice shelf names. Note that for Pine Island and Smith/Kohler, the figure merges two
independent differential interferograms to show a more complete spatial coverage of grounding lines.

we select ERS-2 pairs with the same rate of along-track drift in Doppler centroid estimated by processing
small segments of acquired data. We use data collected in spring 2011 when the European Space Agency
moved ERS-2 back to a 3 day repeat cycle to enable grounding line mapping of fast-moving glaciers. In July
2011, ERS-2 terminated its mission after 16 years of services, far exceeding its planned operational lifespan.

To pick grounding lines, we map the inward limit of detection of vertical motion, where the glacier lifts off
the bed and becomes afloat (Figure 2). We do not use an elastic model to detect the hinge-line position
[e.g., Park et al., 2013] because of the following: (1) this inversion requires a two-dimensional viscoelastic
model of tidal bending with spatially variable ice thickness and time-dependent hinge-line position; (2)
the hinge line is not relevant for glacier stability and is not in hydrostatic equilibrium; and (3) InSAR fringes
provide easier-to-extract, direct information on grounding line position. As grounding lines migrate back
and forth with oceanic tides, we repeat the mapping multiple times with independent interferograms.

To interpret the pattern of retreat, we consider the pattern of ice motion (Figure 1) and bed topography
(Figure 3). In the AS sector, BEDMAP-2’s topography [Fretwell et al., 2013] uses ice thickness data from the

RIGNOT ET AL. ©2014. American Geophysical Union. All Rights Reserved. 3503
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Fig. 1. Basal melt rates of Antarctic ice shelves color coded from < –5 m/year (freezing) to > +5 m/year (melting) and overlaid on a 
2009 MODIS mosaic of Antarctica. Ice-shelf perimeters in 2007–2008, excluding ice rises and ice islands, are thin black lines. Each 
circle graph is proportional in area to the mass loss from each shelf, in gigatons (1 Gt = 1012 kg) per year, partitioned between 
iceberg calving (hatch fill) and basal melting (black fill). See Table 1 and table S1 for additional details on ice shelf locations, areas, 
and mass balance components. 
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freshening (–0.05 T 0.03 g kg–1 decade–1). These
trends agree with the available but limited re-
gional observations (12). The previously docu-
mented regional Ross Sea freshening (8) (–0.03 g
kg–1 decade–1) is within the range of the locally
mapped values obtained here (–0.01 to –0.05 g
kg–1 decade–1; Fig. 1D). Focusing only on data
since themid-1980s (Fig. 1F) produces amore pro-
nounced average Ross Sea freshening (–0.05 T
0.02 g kg–1 decade–1). The freshening trend in
the westernWeddell Sea shelf changes sign when
only data from the 1990s are used (Fig. 1E and
fig. S10). Freshening is observed in the north-
westernWeddell Sea (Fig. 1D), although the trend
doubles and is similar to reported values when
only data from the late 1980s to the mid-2000s
are considered (9).
Temperature trends are typically uniform

across thewidth of the shelf up to the shelf break.
In contrast, salinity trends show a cross-shelf
gradient with freshening generally intensified
close to the coast (Fig. 1D); this is particularly
pronounced over the Ross Sea andWeddell Sea
continental shelves. A cross-shelf salinity trend
gradient points to physical processes that induce
a larger change in salinity than in temperature
near the continent. For example, changes in sur-
face meltwater runoff and changes in sea ice
melting or freezing would be seen primarily in

salinity, whereas changes in ocean-induced ice
shelf basal melting would be seen in both tem-
perature and salinity; atmospheric cooling would
be seen in temperature but not salinity, unless
sea ice is formed. Although changes inmeltwater
runoff and sea ice formation are consistent with
the observed temperature and salinity trends,
our analysis cannot distinguish between these
mechanisms. Lateral variations of the trend vary
according to the time period analyzed. The shore-
ward intensification of the freshening is sig-
nificantly stronger when all data are used than
when only data since 1990 are used (Fig. 1D and
fig. S10). This difference may originate in poor
data coverage from recent decades (figs. S1 and
S2) or may indicate multiannual variability in
any combination of processes described above
(Fig. 1, E and F).
We next assessed the origins of ASBW prop-

erty trends (Fig. 1, C and D) by analyzing changes
in the properties and the depth of source water
masses: the temperature maximum layer ap-
proaching the continental shelf break (CDW
core; Fig. 2) and the temperatureminimum layer
(WW; Fig. 3). CDW shows significant warm-
ing and shoaling in most regions around Ant-
arctica (Fig. 2, D and F), with trends on the order
of 0.1°C decade–1 and –30 m decade–1, respec-
tively. These values are similar to those of iso-

pycnal heave found farther north (10) and at
depth (14). There are few significant changes in
CDW salinity close to Antarctica; the most pro-
nounced freshening is observed in the Ant-
arctic Circumpolar Current (ACC) in the Indian
Ocean sector, likely owing to variations in front
location in regions of largemeridional gradients
(Fig. 2, B and E).
In addition to regional changes inwatermass

properties, changes in the depth of the CDW core
also show spatial variability. Deepening of the
CDW core only occurs along the northern limb
of the Weddell Gyre and in the Cosmonaut Sea
(Fig. 2F). Areas where the CDW core deepens
tend to be correlated with cooling. The strongest
shoaling of CDW is found in the Bellingshausen
and Amundsen seas, where temporal shoaling
rates locally exceed –50 T 18 m decade–1. Around
the Antarctic margins, the core of CDW typically
deepens approaching the continental shelf, as in
theWeddell and Ross gyres (Fig. 2C and Fig. 4B).
However, in the Bellingshausen and Amundsen
seas, the core of CDW slopes upward approach-
ing the shelf (Fig. 4A).
The other water mass present over the shelf

and slope isWW (Fig. 3).WW is freshening along
the southwestern limb of the Ross Gyre and in
the western Indian Ocean sector, while WW is
becoming saltier in the northwestern Weddell

1228 5 DECEMBER 2014 • VOL 346 ISSUE 6214 sciencemag.org SCIENCE

Fig. 1. Temporal means, linear trends, and multiannual variability in Antarctic Continental Shelf
Bottom Water (ASBW). (A to D) Conservative temperature [(A) and (C)] and absolute salinity [(B) and
(D)] at the seabed for depths shallower than 1500 m for the period 1975 to 2012 are shown in terms of
temporalmeans [(A) and (B)] and linear trends [(C) and (D)].Trends not significantly different from zero are
hatched. (E and F) Multiannual variability as shown by 5-year median properties since 1975, interquartile
ranges, and median trends for selected areas. Abbreviations for surrounding seas: BS, Bellingshausen Sea;
AS, Amundsen Sea; RS, Ross Sea; CS, Cosmonaut Sea;WS,Weddell Sea (excluding the Antarctic Peninsula).
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of AASW generates the Antarctic Slope 
Front that separates fresher and colder 
on-shelf AASW from warmer and salt-
ier off-shelf CDW, limiting the on-shelf 
intrusion of CDW and keeping the shelf 
cold along sections of the East Antarctic 
coastline where SW is absent (Nøst 
et al., 2011). We can thus understand the 
on-shelf presence of CDW in the sector 
from 55°W to 155°W as a result of sur-
face buoyancy forcing that is too weak to 
produce SW (Talbot, 1988; Petty et  al., 
2013) and coastal downwelling that is too 
weak to deepen the layer of AASW to the 
seabed. The resulting large input of melt-
water helps to maintain the on-shelf strat-
ification by limiting the buoyancy- and 
wind-forced deepening of the AASW.

Overall, the subsurface waters on 
the Antarctic continental shelf occupy 
a relatively narrow thermohaline range 
(Figure  2) that can be classified as cold 
and salty (SW), warm and salty (CDW), 
or cold and fresh (AASW), and each can 
be related to a distinct mode of sub-ice-
shelf circulation and melting (Figure 3). 
Because cooling and brine rejection 
beneath growing sea ice create both SW 
and the cold core of AASW (often termed 
Winter Water, WW), Mode  1 and most 
Mode 3 melting is driven by water with 
a temperature close to the surface freez-
ing point. However, Mode 3 melting can 
be enhanced where wind-forced down-
welling is sufficient to drive the seasonally 
warmer upper layer of AASW beneath the 
ice shelf (Hattermann et al., 2012), while 
weaker downwelling can allow incursions 
of modified CDW along the seabed (Nøst 
et al., 2011) that result in higher Mode 2 
melting at depth. In contrast, a weak-
ening of the buoyancy forcing that cre-
ates SW formation is necessary to reduce 
Mode 1 melting, while the wind regime 
will then determine whether the Mode 2 
or Mode  3 cell grows in response. The 
Mode 2 regime (Figure 3b) is likely to be 
most sensitive to atmospheric variabil-
ity, because any associated vertical dis-
placements of the thermocline separating 
AASW and CDW will alter the extents 
of the high-melt Mode  2 cell and the 
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FIGURE 3. Three modes of sub-ice-shelf circulation and associated stratification on the conti-
nental shelf, after Jacobs et al. (1992). (a) In Mode 1, dense Shelf Water, formed by brine rejection 
beneath growing sea ice, dominates the sub-ice cavity. Shelf Water has a temperature at or close 
to the surface freezing point, and can melt ice at depth only because of the pressure depen-
dence of the freezing point. Some refreezing occurs in the cavity because the water produced 
by melting (Ice Shelf Water) becomes supercooled as it rises along the shoaling ice shelf base. 
(b) Mode 2 dominates if Shelf Water is absent and Circumpolar Deep Water is the densest water 
on the shelf. Circumpolar Deep Water temperatures are typically around 3°C above the surface 
freezing point so melting is rapid, no Ice Shelf Water forms, and there is no refreezing. (c) Mode 3 
dominates where both Shelf Water and Circumpolar Deep Water are absent, leaving Antarctic 
Surface Water as the densest water on the shelf. Only the upper layer of Antarctic Surface Water 
is seasonally warmer than the surface freezing point, so melt rates are low and Ice Shelf Water 
formation and refreezing can result. Although the Circumpolar Deep Water is denser, its access 
to the shelf is limited by the deepening of the Antarctic Surface Water layer at the coast, where 
the southward Ekman transport driven by the easterly wind is blocked. Note that in (a), Modes 2 
and 3 may influence the outer cavity because Antarctic Surface Water and modified Circumpolar 
Deep Water are present in the upper water column, while in (b), Mode 3 melting may occur above 
the permanent thermocline separating Antarctic Surface Water and Circumpolar Deep Water.
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of AASW generates the Antarctic Slope 
Front that separates fresher and colder 
on-shelf AASW from warmer and salt-
ier off-shelf CDW, limiting the on-shelf 
intrusion of CDW and keeping the shelf 
cold along sections of the East Antarctic 
coastline where SW is absent (Nøst 
et al., 2011). We can thus understand the 
on-shelf presence of CDW in the sector 
from 55°W to 155°W as a result of sur-
face buoyancy forcing that is too weak to 
produce SW (Talbot, 1988; Petty et  al., 
2013) and coastal downwelling that is too 
weak to deepen the layer of AASW to the 
seabed. The resulting large input of melt-
water helps to maintain the on-shelf strat-
ification by limiting the buoyancy- and 
wind-forced deepening of the AASW.

Overall, the subsurface waters on 
the Antarctic continental shelf occupy 
a relatively narrow thermohaline range 
(Figure  2) that can be classified as cold 
and salty (SW), warm and salty (CDW), 
or cold and fresh (AASW), and each can 
be related to a distinct mode of sub-ice-
shelf circulation and melting (Figure 3). 
Because cooling and brine rejection 
beneath growing sea ice create both SW 
and the cold core of AASW (often termed 
Winter Water, WW), Mode  1 and most 
Mode 3 melting is driven by water with 
a temperature close to the surface freez-
ing point. However, Mode 3 melting can 
be enhanced where wind-forced down-
welling is sufficient to drive the seasonally 
warmer upper layer of AASW beneath the 
ice shelf (Hattermann et al., 2012), while 
weaker downwelling can allow incursions 
of modified CDW along the seabed (Nøst 
et al., 2011) that result in higher Mode 2 
melting at depth. In contrast, a weak-
ening of the buoyancy forcing that cre-
ates SW formation is necessary to reduce 
Mode 1 melting, while the wind regime 
will then determine whether the Mode 2 
or Mode  3 cell grows in response. The 
Mode 2 regime (Figure 3b) is likely to be 
most sensitive to atmospheric variabil-
ity, because any associated vertical dis-
placements of the thermocline separating 
AASW and CDW will alter the extents 
of the high-melt Mode  2 cell and the 
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FIGURE 3. Three modes of sub-ice-shelf circulation and associated stratification on the conti-
nental shelf, after Jacobs et al. (1992). (a) In Mode 1, dense Shelf Water, formed by brine rejection 
beneath growing sea ice, dominates the sub-ice cavity. Shelf Water has a temperature at or close 
to the surface freezing point, and can melt ice at depth only because of the pressure depen-
dence of the freezing point. Some refreezing occurs in the cavity because the water produced 
by melting (Ice Shelf Water) becomes supercooled as it rises along the shoaling ice shelf base. 
(b) Mode 2 dominates if Shelf Water is absent and Circumpolar Deep Water is the densest water 
on the shelf. Circumpolar Deep Water temperatures are typically around 3°C above the surface 
freezing point so melting is rapid, no Ice Shelf Water forms, and there is no refreezing. (c) Mode 3 
dominates where both Shelf Water and Circumpolar Deep Water are absent, leaving Antarctic 
Surface Water as the densest water on the shelf. Only the upper layer of Antarctic Surface Water 
is seasonally warmer than the surface freezing point, so melt rates are low and Ice Shelf Water 
formation and refreezing can result. Although the Circumpolar Deep Water is denser, its access 
to the shelf is limited by the deepening of the Antarctic Surface Water layer at the coast, where 
the southward Ekman transport driven by the easterly wind is blocked. Note that in (a), Modes 2 
and 3 may influence the outer cavity because Antarctic Surface Water and modified Circumpolar 
Deep Water are present in the upper water column, while in (b), Mode 3 melting may occur above 
the permanent thermocline separating Antarctic Surface Water and Circumpolar Deep Water.

Jenkins et al., 2016
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ongoing response to the initial unground-
ing from the crest of the seabed ridge that 
lies beneath the present ice shelf (Jenkins 
et al., 2010). While the grounding line was 
established there, it may have migrated 
back and forth on the crest in response to 
decadal-scale variability in ocean forcing. 
Some decades prior to the 1970s, a par-
ticularly strong or sustained warm phase 
must have pushed the grounding line too 
far back and triggered the reconfigura-
tion we are presently observing. The pro-
cess may have slowed when the ground-
ing line reached the seaward side of an 
ice plain, and the deceleration observed 
between the late 1980s and early 1990s 
(Mouginot et al., 2014) might have been a 
response to an inferred (Figure 5) cooling 
while the glacier was in that configura-
tion, as suggested by Thoma et al. (2008). 
A subsequent warm phase, sampled in 
the mid-1990s, triggered renewed retreat 
across the ice plain that was observed to 
continue through the next cycle of forc-
ing. Most of the neighboring glaciers to 
the west of Pine Island showed a clearer 
response to the observed 2000 cool period, 
with greatly reduced acceleration at that 
time, and a dramatic speed-up during the 
subsequent warming (Mouginot et  al., 
2014). However, in all cases, the ground-
ing lines showed little movement imme-
diately prior to 2000 (Rignot et al., 2014), 

while the post-2000 warming appears to 
have triggered retreat.

If the dominant mode of ocean vari-
ability on the Amundsen Sea continen-
tal shelf is linked with tropical Pacific 
sea surface temperature, we can use the 
longer record of conditions in the Pacific 
to infer when the warming that initiated 
the recent changes might have occurred. 
A prominent inferred warming in the 
1970s may have driven the thinning that 
resulted in the ice shelf losing contact 
with the ridge crest (Jenkins et al., 2010), 
while the preceding period of extended 
warmth that might have initiated the cur-
rent retreat is inferred to be in the 1940s. 
Although there are other candidates in 
Figure 5, the 1940s also stand out in the 
paleoclimate record, as inferred from the 
stable isotopic composition of precipita-
tion in ice cores, as the most anomalous 
climate in West Antarctica in the twenti-
eth century, with the possible exception 
of the 1990s (Schneider and Steig, 2008; 
Steig et al., 2013). There is no compara-
ble event in the West Antarctic ice core 
record any more recent than that of the 
1830s (Steig et al., 2013). Moreover, sed-
iment cores obtained from beneath Pine 
Island Ice Shelf indicate that waters from 
the open ocean first appeared land-
ward of the ridge crest in the 1940s 
(Smith et al., 2016).

SUMMARY
The relatively rich record of glaciologi-
cal change in the Amundsen Sea sector 
of West Antarctica collected over the past 
two and a half decades is complemented 
by a lengthening record of oceanic change 
on the continental shelf. Despite recent 
improvements, the sampling of ocean 
conditions remains too sparse to inde-
pendently infer a trend or even the dom-
inant mode of variability. Models suggest 
that the depth of the permanent thermo-
cline over the continental shelf is sensi-
tive to wind forcing through the impacts 
it has on surface buoyancy fluxes, coastal 
downwelling, and CDW input to the shelf 
(Figure  6). The thermocline responds 
on a range of time scales to these vari-
ous forcings, and feedback resulting from 
the impact of melting on the continen-
tal shelf circulation may further compli-
cate the response. However, changes in 
wind forcing provide a plausible explana-
tion for some of the observed variability 
and suggest a dominant decadal period-
icity associated with atmospheric circu-
lation anomalies forced from the central 
tropical Pacific.

Recent observations of Pine Island 
Glacier show a muted response to multi-
year cooling (Christianson et  al., 2016), 
and our proxy records of shelf water con-
ditions suggest that an inferred cooling 

FIGURE 6. Schematic of processes that lead to (a) cooling and (b) warming of the eastern Amundsen Sea continental shelf. Cooling is promoted by 
strong easterly winds over the shelf that enhance polynya activity and coastal downwelling on the inner shelf while suppressing the Antarctic Slope 
Front undercurrent that brings Circumpolar Deep Water onto the shelf. A lower thermocline means that less Circumpolar Deep Water can access the 
inner cavity beneath Pine Island Ice Shelf and that it is more susceptible to mixing over the ridge crest with overlying waters. Warming is promoted by 
weak easterly winds that result in reduced polynya extent and weaker downwelling, while the shelf edge winds, which can switch to weak westerlies, 
enhance the inflow of Circumpolar Deep Water. A higher thermocline allows a thicker, warmer layer of Circumpolar Deep Water over the ridge.
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Fig. 3. Observed and simulated hydrography and circulation in 2009 and 2012. (A) 
Section of observed and simulated 2009 potential temperatures (color) and salinity (black 
contours) along the eastern Amundsen Sea trough and underneath the PIG ice shelf. White 
lines show the surface-referenced 27.47 and 27.75 isopycnals. The panel shows 
observations outside the PIG cavity, and simulation results within it. Observations are 
linearly interpolated from profiles (black triangles) indicated in Fig. 1B. (B) Same as (A) but 
for the 2012 observations and simulation. (C) Modeled potential temperature (color) and 
velocity (black vectors, every fifth vector is shown) averaged within 50 m of the seabed for 
the 2009 simulation. White vectors show the corresponding velocity observed by Autosub 
(binned on the model grid, see also fig. S2A). The cyan line indicates the position of the 
section used in (A) and (B). The white line indicates 750-m seabed depth. (D) Same as (C), 
but for the difference between the 2012 and the 2009 simulations. 

EMBARGOED UNTIL 2:00 PM US ET, THURSDAY, 2 JANUARY 2014

/ http://www.sciencemag.org/content/early/recent / 2 January 2014 / Page 7 / 10.1126/science.1244341 
 

 

Fig. 3. Observed and simulated hydrography and circulation in 2009 and 2012. (A) 
Section of observed and simulated 2009 potential temperatures (color) and salinity (black 
contours) along the eastern Amundsen Sea trough and underneath the PIG ice shelf. White 
lines show the surface-referenced 27.47 and 27.75 isopycnals. The panel shows 
observations outside the PIG cavity, and simulation results within it. Observations are 
linearly interpolated from profiles (black triangles) indicated in Fig. 1B. (B) Same as (A) but 
for the 2012 observations and simulation. (C) Modeled potential temperature (color) and 
velocity (black vectors, every fifth vector is shown) averaged within 50 m of the seabed for 
the 2009 simulation. White vectors show the corresponding velocity observed by Autosub 
(binned on the model grid, see also fig. S2A). The cyan line indicates the position of the 
section used in (A) and (B). The white line indicates 750-m seabed depth. (D) Same as (C), 
but for the difference between the 2012 and the 2009 simulations. 

EMBARGOED UNTIL 2:00 PM US ET, THURSDAY, 2 JANUARY 2014

Dutrieux et al., 2014



J E T  P R O P U L S I O N  L A B O R A T O R Y

Ice shelf melt from an ocean model

ECCO Summer School 2019 - Friday Harbor

Three equations model (Jenkins et al., 2010)
• Heat balance at the phase change interface

• Freezing point of sea water

• Salt balance at the phase change interface

• Velocity dependent heat and salt exchange coefficients

Tf = aSb + b+ czb
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Melt spatially and temporally variable: example of Pine Island ice shelf

melt rate of 21ma–1 and a 1994 melt rate of 24ma–1 for the
southern cavity. The 1994, BEDMAP-based estimate com-
pares well with the estimates of Rignot (1998) and Jacobs
and others (2011) for the same period. While for the early
part of the simulation period the BEDMAP results are closer
to observations, the reverse is true during the later part of the
simulation period. In 2009 the BEDMAP simulation yields a
melt rate of 20ma–1, which is low compared to the 33ma–1

melt rate estimate of Jacobs and others (2011) and the
37!4ma–1 melt rate estimate from interferometric syn-
thetic aperture radar (InSAR)/Regional Atmospheric Climate
Model (RACMO) data (Rignot and others, 2008). The 2009
melt rate based on the IceBridge simulation is 31ma–1 and
much closer to observations.

The differences in melt rate between the BEDMAP and
IceBridge simulations are primarily caused by differences in
the southern part of the cavity, where major changes to the
bathymetry are found (Fig. 4c). The northern part of the cavity
has a higher variability and is the principal contributor to the
multiple peaks in the melt rate curve. These peaks result from
surface forcing and, in particular, from stronger surface winds
(e.g. during the 1993 event), which lead to cooler water
masses entering the northern cavity and thus reducing the
melt rate. This is similar to what Holland and others (2010)
found for the melting behavior of the George VI Ice Shelf in
the Bellingshausen Sea. Both the BEDMAP and IceBridge
simulations show the same interannual variability, with
increasing melt rates until 1995, followed by a decrease
until 1999, after which they increase again (Fig. 4).

To complete the picture of the Amundsen Sea, the melt
rates of the remaining ice shelves are listed in Table 1. These
melt rates are highly uncertain because the cavity
bathymetry and other empirical model parameters are
unknown. For example, the simulated basal mass loss of
the Cosgrove Ice Shelf is 32Gt a–1, which is high compared
to the 15Gt a–1 combined influx of Smith and Pole Glaciers,
which feed the Cosgrove Ice Shelf (Rignot and others, 2008).

The circulation on the Amundsen shelf is dominated by a
cyclonic gyre with a mean transport of 3!0.5 Sv (Fig. 5a).
The ridge that extends from Bear Peninsula towards the shelf
break separates the flow of Pine Island Bay from a second
cyclonic gyre that bathes the Dotson and Getz Ice Shelves.
The strength of the cyclonic gyre that flows into Pine Island
Bay increases until 1995, then decreases until 2001 and
increases again thereafter (Fig. 5c). The horizontal stream-
function and melting show a correlation of r=0.42, which is
significant at the 95% confidence level.

DISCUSSION

Mean melt rate

The mean melt rate for the IceBridge simulation (southern
Pine Island ice shelf) of 30.5ma–1 is higher than estimates
from hydrography and numerical models. Jacobs and others
(1996) estimated a melt rate of 10–12ma–1 and a mass loss
of 28Gt a–1, but they used a different position for the
grounding line and therefore a biased estimate of the ice-
shelf area. Model estimates by Hellmer and others (1998) of
6–12.5ma–1 depend on cavity configuration and on source
water characteristics and represent a conservative estimate
of the basal melt rate.

Melt rate estimates have uncertainties due to water
column thickness, grounding line location and ice-shelf

area. For example, part of the discrepancy between our
results and those of Jacobs and others (1996) and Hellmer
and others (1998) may be due to differences in the ice-shelf
areas. There are also uncertainties in water column thickness
due to the limitations of deriving bathymetry from gravity
observations. For example, comparing the IceBridge bathy-
metry with the lines from Autosub (Jenkins and others, 2010)
reveals differences of !96m ("10% of water column depth)
in seabed topography on length scales that are shorter than
the spatial resolution of the airborne gravity data. The
IceBridge data, however, provide much better spatial cov-
erage than the Autosub data. Ideally, Autosub data should be
used to adjust IceBridge inversion parameters (e.g. bedrock
density and sediment thickness).

Temporal variability

The total melt rates of the BEDMAP and IceBridge
simulations differ significantly (by "7ma–1), but the tem-
poral variability remains almost unchanged (Fig. 4a). The
main difference is the deeper inner part of the cavity that
allows warmer water to reach the now extended grounding

Fig. 4. (a) Area-averaged melt rate (m a–1) of Pine Island ice shelf
from 1979 to 2010 with BEDMAP (gray) and IceBridge (black)
bathymetry in the sub-ice-shelf cavity. Estimates from observations
are included: triangle and square after Jacobs and others (2011);
diamond with error bars after Rignot (1998). (b, c) Area-averaged
melt rate for BEDMAP (b) and IceBridge (c) simulation divided into
northern (gray) and southern (black) parts of the Pine Island ice shelf.
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bathymetry, where warm waters can penetrate deeper into
the cavity, the mean melt rates at the grounding line are
higher by !20ma–1 than in the BEDMAP simulation
(a mean of 47ma–1 vs 24ma–1). This value is in agreement
with the grounding line melt rates of !50ma–1 observed by
Rignot (1998), and with the most recent estimates by
Bindschadler and others (2011). Contrary to Payne and
others (2007), the maximum melt rate at all model gridcells
near the grounding line, for both of our simulations, never
exceeds 75ma–1 after the model spin-up period.

Dynamic ice shelf

With remote sensing, area-averaged melt rates of
24"4ma–1 for 1994 (Rignot, 1998) and 37"4ma–1 for
2009 are estimated. Using hydrographic data, Jacobs and
others (2011) estimated similar melt rates for these two years:
22ma–1 for 1994 and 33ma–1 for 2009. The melt rate for
1994 is closer to the estimates of the BEDMAP simulation,
whereas the melt rate for 2009 is closer to that of the
IceBridge simulation.While there are many potential reasons
for this result, we suggest that transient changes in the shape
of the cavity and grounding line retreat, which are due to the
dynamics of the ice shelf as influenced by calving and basal
melting, are not captured with our model. A dynamic ice-
shelf model (e.g. Joughin and others, 2010) would allow
changes in cavity configuration, which would alter the
melting rate pattern, possibly leading to thinning of the ice
shelf, and hence to acceleration of the ice stream as more
water could penetrate the cavity and increase the melt rate.
Joughin and others (2003) found that the largest acceleration
of PIG occurred after 1996, indicating that large changes in
cavity shape must have occurred around that time. Starting
the numerical integration from a given grounding line, in this
case the 1996 grounding line, means that previous changes
to the shape of the cavity were neglected. For example, the
IceBridge simulation overestimates melt rates relative to the
1994 observations (Rignot, 1998; Jacobs and others, 2011)
because the water column thickness is overestimated in the
years prior to 1996. To address this model deficiency, we are
in the process of coupling the MITgcm to the Ice Sheet
System Model (ISSM; Morlighem, 2010).

SUMMARY AND CONCLUDING REMARKS

Numerical simulations carried out using the BEDMAP and
IceBridge bathymetries showed that a trough detected by the
IceBridge campaign enables warm CDW to penetrate to the
grounding line of the Pine Island ice shelf. The area-
averaged melt rate for the IceBridge simulation (28ma–1) for
the period 1981–2010 is 25% higher than for the BEDMAP
simulation (21ma–1). The BEDMAP simulation may be
closer to the true cavity shape in 1979, but does not reflect
changes in water column thickness due to accelerated
melting and associated dynamic thinning of the ice shelf in
the 1980s and 1990s and therefore underestimates the
melting in the later period of the simulation. The IceBridge
simulation, on the other hand, starts from a cavity shape that
exaggerates the water column thickness and overestimates
the melt rates in the earlier period of the simulation, when
compared to estimates from hydrography and remote
sensing. This interpretation relies on the accuracy of our
parameterization of basal melt rate and other aspects of the
model set-up, including atmospheric forcing, open bound-
ary conditions and sea ice. However, the close agreement
between modeled basal melt rates and those estimated from
satellite measurements is encouraging.

Spatial patterns of time-averaged (1981–2010) melt rates
for the BEDMAP and IceBridge simulations differ signifi-
cantly, with the latter in closer agreement with satellite-
derived melt rate estimates (!50ma–1) near the grounding
line (Rignot, 1998). Despite large differences between the
BEDMAP and IceBridge bathymetries, mean melt rates and
melt rate patterns, the temporal evolution of the melt rate
remains unchanged (Fig. 4), indicating that temporal vari-
ability is mostly driven by processes outside the cavity. The
two simulations show that knowledge of the cavity shape and
its temporal evolution is essential to accurately capture the
basal mass loss of Antarctic ice shelves. In turn, this mass loss
can lead to glacier acceleration and possibly contribute to
sea-level change. Therefore, measuring the shape of the sub-
ice-shelf cavity from remote-sensing instruments, as is done
by the NASA IceBridge gravity-derived bathymetry under the
Pine Island ice shelf, is critical to enabling accurate
simulations of sea-ice, ice-shelf and ocean interactions.

Fig. 6. Horizontal distribution of mean melt rate (m a–1) for BEDMAP (a) and IceBridge (b) bathymetries for the period 1981–2010. The
dashed line depicts the partition into northern and southern cavities. The x- and y-axes show model grid spacing in km.
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Figure 9. (a) Melt rate (m/yr) simulated using the velocity-dependent model in the realistic PIIS setup and Cd54 ! Cd056:031023. The maximum and area-averaged melt rates are indi-
cated in the top right corner of the figure. For this value of drag coefficient, the area-averaged melt rate is comparable to the ice flux divergence based estimate of Payne et al. [2007]
(20.7 m/yr). (b) Difference between the velocity-dependent melt rate simulated using Cd54 ! Cd0 and Cd0. Positive differences indicate a higher melt rate for the larger drag coefficient
experiment. The maximum and minimum differences are indicated in the top right corner of the figure. Black contours indicate the depth of the ice shelf base (m) on both figures.

Figure 10. Melt rate (m/yr) simulated using (a–c) the velocity-independent and (d– f) the velocity-dependent model in the realistic PIIS setup with Cd0 and a (a and d) 10 m, (b and e)
20 m, and (c and f) 50 m thick mixed layer for averaging of TM, SM, and UM. Dashed contours show the distribution of water column thickness (m). The maximum and area-averaged
melt rates are indicated in the top right corner of each plot.

Journal of Geophysical Research: Oceans 10.1002/2013JC008846
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1. Modeling ice sheets and ice shelves

2. Ice shelves around Antarctica

3. Modeling ice shelf melt 

4. Coupling ice and ocean models
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Ice dynamics sensitive to ocean melting 
(Joughin et al.,2012, 2014; Favier et al., 2014; Seroussi et al., 2014) 

melt rate of 21ma–1 and a 1994 melt rate of 24ma–1 for the
southern cavity. The 1994, BEDMAP-based estimate com-
pares well with the estimates of Rignot (1998) and Jacobs
and others (2011) for the same period. While for the early
part of the simulation period the BEDMAP results are closer
to observations, the reverse is true during the later part of the
simulation period. In 2009 the BEDMAP simulation yields a
melt rate of 20ma–1, which is low compared to the 33ma–1

melt rate estimate of Jacobs and others (2011) and the
37!4ma–1 melt rate estimate from interferometric syn-
thetic aperture radar (InSAR)/Regional Atmospheric Climate
Model (RACMO) data (Rignot and others, 2008). The 2009
melt rate based on the IceBridge simulation is 31ma–1 and
much closer to observations.

The differences in melt rate between the BEDMAP and
IceBridge simulations are primarily caused by differences in
the southern part of the cavity, where major changes to the
bathymetry are found (Fig. 4c). The northern part of the cavity
has a higher variability and is the principal contributor to the
multiple peaks in the melt rate curve. These peaks result from
surface forcing and, in particular, from stronger surface winds
(e.g. during the 1993 event), which lead to cooler water
masses entering the northern cavity and thus reducing the
melt rate. This is similar to what Holland and others (2010)
found for the melting behavior of the George VI Ice Shelf in
the Bellingshausen Sea. Both the BEDMAP and IceBridge
simulations show the same interannual variability, with
increasing melt rates until 1995, followed by a decrease
until 1999, after which they increase again (Fig. 4).

To complete the picture of the Amundsen Sea, the melt
rates of the remaining ice shelves are listed in Table 1. These
melt rates are highly uncertain because the cavity
bathymetry and other empirical model parameters are
unknown. For example, the simulated basal mass loss of
the Cosgrove Ice Shelf is 32Gt a–1, which is high compared
to the 15Gt a–1 combined influx of Smith and Pole Glaciers,
which feed the Cosgrove Ice Shelf (Rignot and others, 2008).

The circulation on the Amundsen shelf is dominated by a
cyclonic gyre with a mean transport of 3!0.5 Sv (Fig. 5a).
The ridge that extends from Bear Peninsula towards the shelf
break separates the flow of Pine Island Bay from a second
cyclonic gyre that bathes the Dotson and Getz Ice Shelves.
The strength of the cyclonic gyre that flows into Pine Island
Bay increases until 1995, then decreases until 2001 and
increases again thereafter (Fig. 5c). The horizontal stream-
function and melting show a correlation of r=0.42, which is
significant at the 95% confidence level.

DISCUSSION

Mean melt rate

The mean melt rate for the IceBridge simulation (southern
Pine Island ice shelf) of 30.5ma–1 is higher than estimates
from hydrography and numerical models. Jacobs and others
(1996) estimated a melt rate of 10–12ma–1 and a mass loss
of 28Gt a–1, but they used a different position for the
grounding line and therefore a biased estimate of the ice-
shelf area. Model estimates by Hellmer and others (1998) of
6–12.5ma–1 depend on cavity configuration and on source
water characteristics and represent a conservative estimate
of the basal melt rate.

Melt rate estimates have uncertainties due to water
column thickness, grounding line location and ice-shelf

area. For example, part of the discrepancy between our
results and those of Jacobs and others (1996) and Hellmer
and others (1998) may be due to differences in the ice-shelf
areas. There are also uncertainties in water column thickness
due to the limitations of deriving bathymetry from gravity
observations. For example, comparing the IceBridge bathy-
metry with the lines from Autosub (Jenkins and others, 2010)
reveals differences of !96m ("10% of water column depth)
in seabed topography on length scales that are shorter than
the spatial resolution of the airborne gravity data. The
IceBridge data, however, provide much better spatial cov-
erage than the Autosub data. Ideally, Autosub data should be
used to adjust IceBridge inversion parameters (e.g. bedrock
density and sediment thickness).

Temporal variability

The total melt rates of the BEDMAP and IceBridge
simulations differ significantly (by "7ma–1), but the tem-
poral variability remains almost unchanged (Fig. 4a). The
main difference is the deeper inner part of the cavity that
allows warmer water to reach the now extended grounding

Fig. 4. (a) Area-averaged melt rate (m a–1) of Pine Island ice shelf
from 1979 to 2010 with BEDMAP (gray) and IceBridge (black)
bathymetry in the sub-ice-shelf cavity. Estimates from observations
are included: triangle and square after Jacobs and others (2011);
diamond with error bars after Rignot (1998). (b, c) Area-averaged
melt rate for BEDMAP (b) and IceBridge (c) simulation divided into
northern (gray) and southern (black) parts of the Pine Island ice shelf.
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Basal melting sensitive to cavity shape 
(Goldberg et al., 2012; Schodlok et al., 2012)
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Figure 2 |Melting experiments. a–c, Results of the melting experiments for Elmer/Ice (left), BISICLES (middle) and Úa (right, for which m4 is similar to
m2 and not therefore visible) for: change in grounded areas (a) and annual contribution to SLR (b). Elmer/Ice and BISICLES respond to enhanced melting
with a rapid retreat across the steep reverse slope followed by slower retreat thereafter, whereas Úa increases its rate of retreat throughout the
simulations. The bedrock altitude (m) and the initial grounding lines for each model (solid black line), as well as the grounding lines, computed during the
m2 experiment, at the beginning (solid red lines) and at the end (dashed red line) of the rapid retreat for Elmer/Ice and BISICLES (Úa is not shown here
because of the difficulty of identifying these two times) are shown in c. Corresponding times are indicated by a square and a circle respectively in a,b. c also
shows the areas (shaded) separating the grounding line as observed in 2011 (purple line5) from the relaxed model grounding lines, which cover
364±50 km2, 426±50 km2 for Elmer/Ice and BISICLES, respectively (not shown for Úa because of the non-continuous profile of the grounding line). The
thick grey lines in a indicate the same area.

dynamic contribution to SLR reaches a maximum, at which point
the melt rate reverts to control. For Elmer/Ice and BISICLES, this
slightly impacts ice dynamics: the grounding line keeps retreating
and the imbalance is not significantly affected when crossing the
bedrock steep retrograde slope area. However, it does limit both
further retreat and the imbalance that persists once the bottom
of the trench is reached (Fig. 3). Úa behaves quite differently,
with the grounding line returning to its original location after
an initial retreat across the retrograde slope. We examine further
the conditions under which a complete reversal could occur by
conducting similar experimentswhere themelt rate is reduced to 75,
50, 25, 10 or 5% of control. The glacier recovers its initial state in all
of theÚa simulations, but only when themelt rate is reduced to 10%
of control or less for Elmer/Ice and 25% or less for BISICLES. Most
notably, none of themodels produces a steady grounding line on the
reverse slope. Further experiments along these lines are described in
the Supplementary Section 5.2.

We find that readvance takes place because a large reduction of
melt rates lowers the bottom surface, which then regains contact
with elevated points on the bedrock. Grounded pinning points
increase the buttressing force exerted by the ice shelf, reduce
imbalance and may slow down the grounding line retreat and
possibly induce a readvance of the grounding line. Note that

the presence of pinning points is not a sufficient condition for
stabilizing the ice sheet; the MISI may still occur if only weak
grounded pinning points have been formed (Fig. 3). As the initial
position of the grounding line before perturbation can be regained
only if the melt rate is reduced substantially and to far less than
the value observed at present, reversibility of the present retreat
of PIG looks unlikely.

Here we show that for the next decade the PIG grounding
line is probably engaged in an irreversible retreat over tens of
kilometres and that the dynamic contribution to SLR will remain
at a significantly higher level compared with preretreat conditions.
All three models, despite their differing physics, numerics and
parameters, support the notion of MISI in PIG, and two out of
three cast doubt on any possible recovery. Starting from the first
years of significant imbalance increase, the variation of the mass
loss between experiments after 20 years is relatively narrow with
a cumulative contribution to SLR of 3.5–10mm over this period
(Fig. 4). Afterwards, estimates diverge dependent on further retreat
of the grounding line across a region of gentler slopes and stronger
basal traction behind the instability zone. Once the grounding line
has crossed the steep retrograde slope, imbalance decreases but
remains between three and six times higher than themean estimates
obtained for the past 20 years (20Gt yr�1; ref. 4).
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threshold”. In either event, a remeshing process is triggered, whereby
cells that are too thick are split into two separate cells, and cells that are
too thin are merged with the cell below (see Fig. 1 for visualisation). In
both cases, salt, temperature, mass and momentum are locally con-
served. In the present study, the splitting and merging thresholds are
1.3 and 0.29 times the baseline cell thickness in all simulations.

2.2. Ice sheet/shelf model

The ocean model is coupled to the MITgcm ice sheet flow model,
developed within the MITgcm code and described briefly in the fol-
lowing. Glacial ice is modelled as a slowly flowing viscous fluid with a
non-Newtonian power-law rheology (Cuffey and Paterson, 2010). Due
to its viscous nature, forces are at all times in balance and its velocity
field is determined by its geometry (Schoof and Hewitt, 2013), thus
reducing the Navier-Stokes equations to a Stokes flow problem.

The MITgcm ice model uses an approximate force balance, in which
the forces within the ice sheet are considered to be hydrostatic, and
“membrane stresses” (internal stresses which transmit force horizon-
tally) are considered depth-uniform (Schoof and Hewitt, 2013). It has
been shown that such an approximation is appropriate where motion is
dominated by either vertical shearing or along-flow stretching and
cross-flow shearing (Schoof and Hindmarsh, 2010; Goldberg, 2011),
which encompasses most flow regimes in Antarctica. The equations
solved for velocity (see Goldberg, 2011 for further detail) are∂ + + ∂ + − =Hν U V Hν V U β U ρ gHS( (4 2 )) ( ( )) ,x x y y x y b i x2 (2)

∂ + + ∂ + − =Hν V U Hν V U β V ρ gHS( ( )) ( (4 2 )) ,x x y y y x b i y2 (3)

= ⎛⎝ + + + + + + ⎞⎠− −
ν A U V U V U V U V

2
1
4
( ) 1

4
1
4

.
n

x y x y y x z z
1/

2 2 2 2 2
n
n

1
2

(4)

Here H is vertical ice thickness, S is surface elevation, =U U V( , ) is
horizontal ice velocity, and ρi is ice density. Overbars indicate vertical
averaging while the b subscript indicates basal velocities. A linear
frictional sliding law is prescribed by (2) and (3) for which β2 is the
sliding coefficient (the exponent of 2 indicating it is strictly positive).
The above equations differ for floating ice (ice shelves) only in that=β 0 . The rheology is determined by Glen’s Law (Cuffey and
Paterson, 2010), wherein =n 3 and A is a parameter governed by the
fabric and temperature of the ice. In this study, β is uniform (under
grounded ice) and A is uniform as well. All relevant parameter values
can be found in Table 1.

At the horizontal boundary between ice and open ocean – the calving
front – the conditions on the velocity equations are

⎜ ⎟+ + + = ⎛⎝ − ⎞⎠Hν U V n Hν V U n H
ρ
ρ
z ρ gn( (4 2 )) ( ( )) 1

2
,x y x x y y ref

i
low i

x2 2

(5)

⎜ ⎟+ + + = ⎛⎝ − ⎞⎠Hν V U n Hν V U n H
ρ
ρ
z ρ gn( ( )) ( (4 2 )) 1

2
,x y x y x y ref

i
low i

y2 2

(6)

where =n n n( , )x y is the seaward normal to the calving front, ρref is the
ocean reference density and zlow is ocean bathymetry. At all other lat-
eral boundaries, we impose no-slip conditions on the ice model.

The ice thickness evolves as a result of horizontal ice mass flux di-
vergence and surface and basal mass balance, the last of which takes
place only where ice is floating. The evolution equation is

Fig. 1. Schematic of the vertical remeshing process. In (a), the topmost fluid-filled cells, i.e. those directly under the ice shelf (grey), have variable thickness,
described by the hc for a given cell. The cells = =i k( 1, 2) and = =i k( 3, 1) are thinner than interior cells, while = =i k( 2, 2) is thicker. Note that cells only
communicate with other cells at the same level, i.e. there is no transfer between cells = =i k( 2, 2) and = =i k( 3, 1). (b) The ice shelf has thinned, and cell= =i k( 2, 2) has grown beyond the imposed threshold for remeshing. (c) The remeshing process splits cell = =i k( 2, 2) into two cells, while conserving mass, salt,
heat and momentum.

Table 1
Table of parameters.

Parameter name symbol value

Ocean model parameters
Time step 50–200 s
Reference density ρref variable
Ice density ρi 917 kg/m3

Horizontal laplacian viscosity 60m2/s
Horizontal biharmonic viscosity 2 × 105 m4/s
Horizontal diffusivity 12m2/s
Vertical eddy viscosity νv 10−3 m2/s
Vertical diffusivity 5 × 10−5 m2/s
Advection scheme Third-order direct space-time
Vertical advection and diffusion implicit for T and S
Vertical viscosity implicit
Equation of state Jackett and McDougall (1995)
Coriolis parameter (3D only) 10−4 s−1
Ice-ocean parameters
Quadratic ice shelf drag cD variable
Splitting threshold 1.3 Δz
Merging threshold 0.29 Δz
Remesh frequency 0.5 days
Min. water column thickness hmwct variable
Ice sheet model parameters
Glen’s law exponent n 3
Glen’s law parameter A 2.73 × 10−25 Pa−3s−1
Linear basal friction constant β2 25 Pa m−1a
Ice sheet half-width (2D simulations) W 25 km
Velocity update frequency 0.25-0.5 days
Porous flux parameters
Hydraulic conductivity κpor variable (units: s)
Maximum hydraulic layer depth εpor variable (units: m)

D.N. Goldberg et al. 2FHDQ�0RGHOOLQJ��������������²��

��

Ocean domain:
• Fixed grid
• Remeshing
• Add/remove cells

Ice domain:
• ALE
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Complex grounding line retreat from a seabed ridge 
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Figure 6. (top row) A time series of melt rates, (middle row) changes in ice thickness, (bottom row) and changes in
surface velocity, as the glacier retreats from the subglacial ridge at x = 265 km in response to warm ocean conditions
(T600, S600). Changes in ice thickness h, surface speed v, and surface velocity components v⃗ for t> 0 are computed with
respect to the values at t = 0, shown in the first column. In the top left, l1 and l2 identify the location of two isolated
lakes that form upstream of the grounding line. They eventually merge with the main ocean cavity via two channels,
indicated by c1 and c2 in the adjacent figure. The black line indicates the position of the grounding line.

therefore not in contact with the bottom of the ice shelf. This explains the relatively low melt rates, up to
−50 m a−1, compared with present-day observations which exceed −100 m a−1 near the grounding line
[Dutrieux et al., 2013].

4.2. Warm Ocean Forcing: Pine Island Glacier Retreat
Increased warm water transport onto the continental shelf and the circulation of surplus heat toward the
coastline has been associated with ice shelf thinning and grounding-line retreat around the margins of West
Antarctica [Shepherd et al., 2004; Jacobs et al., 2011; Dutrieux et al., 2014] and Greenland [Holland et al., 2008;
Straneo and Heimbach, 2013; Inall et al., 2014]. To simulate these effects for the idealized version of PIG, the
steady state obtained for cold ocean conditions anddescribed in thepreceding section is perturbedby raising
the thermocline and halocline of the far field ocean forcing, which leads to an instantaneous increase in the
heat delivered to the ice base. In this experiment, the ocean boundary condition (T600, S600) has a thicker layer
ofmodified Circumpolar DeepWater, which extends 100m above the 700mhigh ridge crest. Thewarmwater
is in direct contact with the ice base in the vicinity of the grounding line, which leads to an instantaneous
increase in basal melt by a factor of 2.5, with maximummelt rates exceeding −100 m a−1.

In response to the increased basal melt, the ice shelf starts to thin and the grounding line retreats. Figure 6
shows the melt rates (top row), change in ice thickness (middle row), and the change in surface velocity and
speed (bottom row) after 0, 20, 25, 30, 35, and 50 years. Two movies are included in supporting information
that further illustrate the evolution of the glacier geometry (S1) and basalmelt rates (S2) during the retreat. At
the onset of retreat, ice shelf thinning and drawdown of grounded ice due to increased velocities across the
grounding line leads to the growth of two isolated lakes (indicated by l1 and l2 and shaded in grey) upstream
of the grounding line. These areas are marginally afloat, with a water column between the ice base and the
bedrock of only a fewmeters, assuming that the local subglacial water pressure is equal to the ocean pressure
at equal depth. As the water in these locations is disconnected from the main ocean cavity, no basal melt is
applied. At around t = 10years both lakes connect, andafter t = 15years theyeventuallymergewith themain
ice shelf cavity and become exposed to ocean melting (not shown). This leads to the formation of an ice
rumple, i.e., a locally grounded area of the ice shelf, which slowly reduces in size and eventually ungrounds.
Loss of buttressing due to ice shelf thinning and ungrounding from the stabilizing subglacial ridge leads
to a speedupof the ice shelf upstreamof the ridge (x = 265 km)byup to350ma−1. Downstreamof the ridge, a
significant slowdown happens during the final 15 years of the simulation, as the ice adjusts to its new stress
regime with a fully floating central section. This suggests that the shelf is too buttressed for the upstream
increase in velocity to propagate further downstream.
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Figure 7. (top row) A cross section of ice shelf geometry and ocean temperature along the centerline, and (bottom row)
ocean bottom temperature and contours of the depth-averaged barotropic stream function, as the glacier retreats from
the subglacial ridge in response to warm ocean conditions (T600, S600). Note the difference in colorscale between rows.
In the top row, the grey line corresponds to the 34.6 salinity contour. In the bottom row, the solid contour lines are
0.05 sverdrup (Sv, 106 m3/s) apart and correspond to a cyclonic (clockwise) circulation; the dashed line is the −0.02 Sv
contour and indicates an anticyclonic circulation.

From t = 20 years, the basal channels that connect the shallow upstream cavity with the main ocean cavity
(indicated by c1 and c2 in Figure 6), expand in both height and width, allowing warm water to flow across
the ridge and into the deep cavity. The critical factor that controls the inflow of warm water is the height
of the channels at the ridge crest [De Rydt et al., 2014]. Initially, the shallow connections only accommodate
the outflowing meltwater plume, and a cold hydrographic front at the ridge crest prevents warm water from
penetrating into the deep cavity. Once the gap between the ice base and the underlying bathymetry widens
and exceeds 200 m, the cold meltwater plume separates from the bedrock, and warm bottom water is able
to flow across the ridge. This process is illustrated in Figure 7, which shows a section of temperature and
the 34.6 salinity contour along the centerline of the domain (top row), as well as snapshots of ocean bottom
temperature and contours of thedepth integratedbarotropic stream function (bottom row). The circulationof
warmwater into the deep cavity increases over time and coincideswith the formation of a cyclonic circulation
inland of the ridge and a jet along the inland side of the ridge with a strength up to 0.3 m s−1. The pattern
of the ocean circulation and temperature distribution are dictated by the presence of the subglacial ridge
and correspond well to observations and realistic simulations of oceanographic conditions underneath the
present-day ice shelf of PIG [Dutrieux et al., 2014].

The increase in ocean heat delivered to the ice base and the emerging barotropic circulation are directly
related to the change in ice shelf geometry, in particular the erosion of the cavity upstream of the ridge. The
feedback between ocean circulation and cavity geometry in turn has an important effect on the melt rate:
Figure 8a shows that between t = 20 years and t = 35 years, the total melt water production increases more
than threefold from about 40 Gt a−1 at the onset of cavity formation to about 130 Gt a−1 when the base of the
ice shelf disconnects from the ridge top. The increase in total freshwater production cannot be explained by
the exposure of newly ungrounded ice to oceanmelting, as the ice shelf area only increases by 60% between
t = 20 years and t = 35 years.

The results in Figure 8a are shown for three different coupling time steps: 0.5 years, 1 year, and 5 years. For
Δtc = 0.5 years and Δtc = 1 year, meltwater fluxes do not significantly deviate, whereas there is a noticeable
difference between results for Δtc = 1 year and Δtc = 5 years. We conclude that for a coupling time step of
1 year, results have converged and are robust.

If we interpret the x positionof the furthest upstreamoceangrid node, denotedby xGL, as a simplifiedmeasure
for the grounding-line location, then the temporal evolution of xGL allows us to distinguish between four
phases of glacier retreat, shown in Figure 8b. Phase I coincides with a slow retreat of the grounding line at a
rate of about 0.3 km a−1 and ends after t = 10 years when the cavity upstream of the ridge connects to the
ocean, indicated by a jump in the grounding-line location from x = 258 km to x = 226 km. During phase
II, the meltwater flux remains constant (Figure 8a) while the channels c1 and c2 grow as a result of ice shelf
thinning. At t = 20 years, the start of phase III is signaled by a rapid increase in meltwater volume and an
acceleration of the grounding-line migration, as warm ocean water starts to circulate through the channels
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Figure 1. Properties of the model domain and control experiment. (a) Green-to-brown colors show the bedrock
geometry as specified in equation (1) with a 400 m high ridge at x = 265 km. Contour lines correspond to the surface
velocities in units of m a−1. The black line indicates the position of the grounding line. (b) A section of the bedrock
topography and steady state ice thickness along the centerline (magenta line in Figure 1a). (c) Evolution of the surface
mass balance (Ms), flux through the ice front (Mif), and total mass balance (Mtot) as the ice stream-ice shelf configuration
is stepped forward toward a steady state. The basal melt component is zero in the control experiment and therefore
not shown.

direction that rises 400 m above the surrounding valley floor [Jenkins et al., 2010]. A plan view of the bedrock
is shown in color in Figure 1a: A 50 km-wide and 1100m-deep valley stretches from the ice divide at x = 0 km
where the ice velocities are set to zero, to the ice front, which is kept fixed at x = 300 km. The valley is uniform
in the x direction and has a sinusoidal shape in the y direction,

B(x, y) = −
(
500 + 600 sin

( !y
5 × 104

+ !
2

))
, (1)

in units of meter. Superimposed on this channel is a transverse bedrock ridge with a maximum elevation at
x = 265 km. The ridge has a Gaussian profile in the x direction, with a spread of "b = 1.1 × 104 km,

ΔB(x, y) = −1100 + 400 exp

(
− (x − 2.65 × 105)2

2"2
b

)
. (2)

A longitudinal cross section of the bedrock geometry at y = 0 km is shown in Figure 1b.

The ice rheology is described by Glen’s law with flow exponent n = 3 and a constant rate factor A = 2.94 ×
10−9 a−1 kPa−3 corresponding to ice of −20∘C according to Cuffey and Paterson [2010]. In order to represent
better the observed narrow shear margins of PIG, a 5 km wide zone of softer ice is assumed along the lateral
margins, where A is set to 5.04×10−9 a−1 kPa−3 (−10∘C according to Cuffey and Paterson [2010]). At the lateral
boundaries (y = −25 km and y = 25 km) a zero-flow constraint is imposed. Bedrock sliding is described
by a nonlinear Weertman type sliding law with sliding exponent m = 3 and a constant sliding coefficient
C = 20 m a−1 kPa−3.

The surface mass balance is chosen such that the total surface accumulation over the model domain is com-
parable to the total amount for the PIG catchment, obtained from measurements (67.3 ± 6.1 Gt a−1 [Medley
et al., 2014]) andmass balancemodels (63.3 Gt a−1, RACMO2 [Lenaerts et al., 2012]). The surface accumulation
in the model varies linearly from as = 15 m a−1 at the ice divide (x = 0 km) to as = 1 m a−1 at x = 150 km and
is set to a constant value as = 1 m a−1 between x = 150 km and the ice front at x = 300 km. As a result, the
glacier-wide surface mass balance isMs = ∫ as = 67.5 Gt a−1.

Úa employs finite element methods on an unstructured mesh with time-dependent mesh refinement
around the grounding line. For this particular set of experiments, quadratic six-node triangular elements
are used. For the bulk of our experiments, the distance between element vertices varies from ∼ 1.5 km for
the upper catchment and interior of the ice shelf to < 300 m in the vicinity of the grounding line, with a
mean element size of about 600 m. The fine resolution allows for a robust and accurate description of the
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Comparison with observations
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Comparison with parameterized melt
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Uncoupled simulation (1992UC)
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Grounding line evolution
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Outline
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1. Modeling ice sheets and ice shelves

2. Ice shelves around Antarctica

3. Modeling ice shelf melt 

4. Coupling ice and ocean models

5. Can we parameterize ice shelf melt?
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Parameterizations of ocean conditions
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• Depth parameterization

• Quadratic local dependence on thermal forcing

• Quadratic local/non local dependence on thermal forcing

• PICO (Potsdam Ice-shelf Cavity mOdel): Box model

• PICOp (PICO + plume model)
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Reese et al. 2017

Pelle et al. 2019
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PICO
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• Tk Temperature of Bk
• Ak box surface area
• mk melt rate of Bk
• strength of 

the overturning circulation
q = C (⇢0 � ⇢1)
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Comparison of ice shelf melt rates
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Quadratic
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Summary
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• Ice is a laminar viscous incompressible material
• Ice/ocean interactions are driving most of the dynamic changes observed in 

the Amundsen Sea (and elsewhere)
• Coupled ice-ocean model:

• produce more realistic estimates of glacier retreat rates than ice model 
driven by parameterized melt

• limited observations to constrain and validate models
• Ice sheets starting to be included in Earth System models mostly for 

ice/atmosphere coupling, not ocean (need ocean cavities)
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