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What Is
Uncertainty

Quantification
INn the context of
Data Assimilation?

Different uses:

£ Parameter estimationdalibration)
Z uncertainties in the parameters

£ State estimation / reconstruction /
synthesis ihterpolation)

Z uncertainties in reconstructed state or
derived guantities of interest (Qolg)

£ Forecast initializationgxtrapolation)
Z uncertainties in the forecast




What are

the sources
of uncertainty?

£ Observations:

Z measurement error & irregular sampling
(in space and time)

£ Model:
Z Parametric uncertainties

Z Structural uncertainties (discretization,
model inadequacy)

Z Assimilation scheme:

Z DA algorithm (and approximations)

Z how observations are ingested in DA
Z All boundary conditions:

Z external forcing, bathymetry, lateral
boundaries

£ Use of prior knowledge:
Z error covariances, representatior:



Z Spatiotemporally irregular
sampling of observations

Z How to account for inhomogeneous
sampling

Why Is Z Parametric uncertainty
uncertainty

O4EA AOOOA 1T &£ AEI AT C
Z NPfor parameter space dimensiom

Q_Ua_-ntiﬁcati()n Z Structural uncertainty / model
difficult to do? inadequacy

Z How to capture? Source terms in the model’
Z Absorb within parameter estimation?

Z Machine learning / neural networks as
surrogate models?

Z Stochastic approaches?




A way forward:
SEVESIE

inverse
methods

Computational frameworks that account
Jjointly for model, observations, forcings,
prior knowledge, andall their
uncertainties:

Z MCMC and similar sampling technigues
hard for high-dim. parameter spaces

 Derivative-based inference
0 propagates (almost)all uncertainties

0 provides dynamical underpinning of
uncertainty propagation

o Infers low-order modes

0 can use gradient info to sample from
the posterior




ECCO as a statistical /Bayesian inverse problem

Statistical inference over space of uncertain parameters u

Tpost(U | Y): posterior distribution of uncertain parameters u,
given observations y

o combines prior PDF 7,0 (u) with
o likelihood PDF 7r/,-ke(y ‘ U)

Bayes' Theorem

Wpost(u ‘ Y) X Wprior(u) Wlike(y ‘ U)




ECCO as a statistical /Bayesian inverse problem

Jmisﬁt(ﬁ)

From statistical to deterministic inversion
Mean upap of posterior distribution 7p.s:(u) is parameter \ /
Maximizing 7,.s, called maximum a posteriori (MAP)

o found by minimizing — log(7 post) N )

. . . . . . . Umin .
e solve optimization / deterministic inverse problem control space data-informed
direction v;

Upap

. 1 1
argmin {311 7() ~ ¥l — 511w~ vl 2.}

o
u prior

This is the ECCO parameter & state estimation problem



ECCO as a statistical /Bayesian inverse problem

Approximation of the posterior PDF by posterior error covariance [ .

Posterior error covariance given by inverse of the Hessian at upap

1 1-1
[ post = [Hmisfit(uMAP) + rpr,l-or]

where
~ CTr-1
Hmisfit(uMAP) ~ F obsF

Gauss-Newton Hessian approximation

curvature = 0

. Tmisfit (T0)
with: o
. curvature
F : tangent linear operator of F N
FT : adjoint operator of F \—/
N 4
/ |
= V4
control space sl data-informed
direction v;

ontrol space non-informed

-

direction




ECCO as a statistical /Bayesian inverse problem

How to obtain/extract information from [ .

e retain only r largest eigenvalues, yields low-rank approximation:
I:Imisﬁt ~ Vr Ar VrT
. ~1
Fmioe + 1|~ 1= V,D,V] = R

with low-rank resolution operator R, and

D, = diag()\r/()\r + 1))

Low-rank eigen-decomposition of I s

r

Ai 1/2 1/2 d
rPOSt — rprior o Z A+ 1 (rp:{ior Wf) (rpfior Wi)

] =




Uncertainty Quantification (UQ)

(UQ1): Inverse uncertainty propagation
From prior to posterior uncertainty

control variables u, prior covariance B
initial conditions atmospheric forcing model parameters
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(UQ1)
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simulated observations Obs(u)

-" J(u) = Jmisﬁt(u) ar Jprior(u)
H
x

H

H

) [f] [m) - ™

observations y, noise covariance R

observing
system

Loose & Heimbach, 2021

Observations

|

J(u) =

(b | —

Simulated observations

l

(y — Obs(u))? R:i(y — Obs(u)) +

l

-

First guess

1
§(u - uo)T B~ (u—uy).

e ~

Uncertain model inputs

Jlnisfit (u) \

Observation uncertainties

Jprior(U)\

Prior uncertainties




Uncertainty Quantification (UQ)

(UQ1): Inverse uncertainty propagation
control variables u, prior covariance B From p rior to p osterior uncertain ty
initial conditions atmospheric forcing model parameters
A A A
A T ~ ~ o~
:' 0000000000000 000000 Observations Simulated observations First guess
- 1 l l i ! l T R-1
: J(u) = =(y — Obs(u))" R7" (y — Obs(u))+=(u—up)* B™" (u—uy).
- ocean general circulation model - ~
:. ‘ Jn]isfit (u) \ Jprior(u)\
:: Uncertain model inputs Observation uncertainties Prior uncertainties
way =] )L L L (0= ~
- Jmisﬁt (ll)
. simulated observations Obs(u)
: Hessian of cost function J
E; ‘ curvature ' M
. \ M/ T
-" J(u) = Jmisﬁt(u) ar Jprior(u) HJ ~ Z AZVZV@
o i=1
H | /
. control space Hmin data-informed Thacker, 1989
: direction v;
] PR —" reony
system
observations y, noise covariance R
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posterior uncertainty ~ inverse Hessian of J




Uncertainty Quantification (UQ)
(UQ2): Forward uncertainty propagation
control variables u, prior covariance B ‘ From p OSterior to QO’ uncertainty
initial conditions atmosphe;'ic forcing model parameters
A T = N ~ . Uncertainty reduction in quantity of interest (Qol) by observing system
0000000000000000000 | % M
§ Ai 2 0.1 ~ BT2v,Qol
; '._- ; X+ 1 (aev;)” €10,1) where 4= HBT/Q VUQOI”
: [ ocean general circulation model ] (UQ—2)
wan | OO0 )| (o) 4
i simulated observations Obs(u)
F Qol = Quantity of Interest
E AMOC, ocean transports,
. future regional sea level
::- J(u) = Jmisﬁt(u) + Jprim(u) ]
H M MWW e—
observations y, noise covariance R e

Loose & Heimbach, 2021



Uncertainty Quantification (UQ)

(UQ2): Forward uncertainty propagation
From posterior to Qol uncertainty

control variables u, prior covariance B
initial conditions atmosphericl:) forcing model parameters
- = S Uncertainty reduction in quantity of interest (Qol) by observing system:
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Uncertainty Quantification (UQ)

control variables u, prior covariance B
initial conditions atmospheric forcing model parameters
A A A
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(UQ2): Forward uncertainty propagation

From posterior to Qol uncertainty

Uncertainty reduction in quantity of interest (Qol) by observing system:

~ BT2v,Qol
17 B72v,Qo]|

; Y _:_ 1 (q ° V¢)2 c [0, 1) where

_ Degree of shared adjustment mechanisms
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The OSNAP Array N. Loose

... are crucial for understanding the ocean’s role in climate
... but are difficult & expensive to build and maintain

Qverturning in the Subpolar North Atlantic Program (OSNAP)
http://www.o-snap.org (since Fall 2014)

Ra%m 53°N Array

—3000m

West and East" Mid.At'anﬁc? Eastern Boundary

\/\/’/ Lozier et al., Science (2019)

How can ocean models inform observing system design?

b S :‘subpolar
"091/~ > gyre

subtropical
gyre

%3, 600y, 40°W

=== OSNAP array == warm Atlantic waters cold Arctic waters
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... are crucial for understanding the ocean’s role in climate
... but are difficult & expensive to build and maintain

- 1000m

Qverturning in the Subpolar North Atlantic Program (OSNAP)

http://www.o-snap.org (since Fall 2014)
Lozier et al., Science (2019)

Ra%m 53°N Array

Eastern Boundary

| ’ 4 Yo
s Westand East | Mid-Atlantic = |
Array

Ridge Array

4000m

How can ocean models inform observing system design?

Idea: . Use oceanic teleconnections that propagate
observational constraints over long distances
and can be exposed via the adjoint state

 Combine adjoint-based estimation framework %4
with adjoint-based sensitivity analysis ‘

subtropical
gyre

%09 60°y, 40°W

—> Quantitative design of ocean observing systems : ,
=== OSNAP array == warm Atlantic waters cold Arctic waters




Sensitivity maps identify shared adjustment mechanisms & pathways

Heat transport across the
Iceland-Scotland Ridge (ISR)
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Sensitivity maps identify shared adjustment mechanisms & pathways

Heat transport across the Irminger Sea subsurface temperature
Iceland-Scotland Ridge (ISR) (observed by OSNAP)
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Sensitivity maps re-interpreted in the context of UQ

80°
Qol: HT
[ )
60°N \‘\‘
g {3
40°N
q =

normalized & weighted
sensitivity of Qol

20°N /(
I

60°W 40°W 20°W 0° 20°E

(qe V1)2 = uncertainty reduction in HT ;¢ by noise-free fognap Observation



Sensitivity maps re-interpreted in the context of UQ

Qol: HT g

60°N

40°N
q =

normalized & weighted
sensitivity of Qol
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v, = Hessian eigenvector (in ECCO)

uncertainty reduction in HTqp by noise-free Oognap Observation



Computing (q e« v)

/OOV 7 v /OO\, v
§ P
60°N , \‘\‘ 60°N O 1

|

|
BH?P 4N EEEEEEEEEEEEEEN] ] L L] LI | |

‘IIDIOW llllll Qolllllllj + IIIIIIIIIE JOVV OO 200E

(qevy) = ([qevil, +[qev]_+[gsvily)






