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From Monday

What is an Adjoint Model? (1/2)

Adjoint is a transformation used in studying
mathematical relationships.

From Monday

[ Givenamodel a = F(x) and “cost” | =/(a), whatis

9,
ox

{Given the adjoint x = F(a@) and @G =

d/
da

, then X =

d]
- -

Adjoint Method (aka 4D-Var)

Minimize model-data differences / by adjusting the model’s controls

using gradients

ox

computeﬂby the model’s adjoint.
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Example Computing Gradients (1/2)

[ Givenamodel a = F(x) and “cost” | =/(a), whatis ﬂ ?}

0x

[ Given the adjoint ¥ = F(a) and G = ﬂ , then ¥ = ﬂ }

da ax




Example Computing Gradients (1/2)

[ Givenamodel a = F(x) and “cost” | =/(a), whatis
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Example Computing Gradients (2/2)

[ Given the adjoint ¥ = F(a@) and &= ﬂ . then ¥ = ﬂ }

da ox
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Example Computing Gradients (2/2)

z

From Yesterday

adjoint x = F(a) and

Leasl-

quares Estimate (3/4)

To minimizes
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Adjoint of Time-Evolving Model
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What Good is an Adjoint Model?

1) Circulation Pathways

2) Causation



Circulation Pathway (1/9)

Passive Tracer
@12/31/2020

Initialized 1/1/2020
uniform to 1 over
150-300m, 5S-5N,

140E-160W

depth (M)

Passive tracers describe where a tracer-
tagged water goes, i.e., its fate.

dac
—=—u-Vc+V:(kVc)
ot
c along Equator JC dz
0 tr49 112 0.0 _ tr49 1.8782e+13 7.3356e+13 25.6

Average value of 0.25
over 0-10m, 5S-5N,
150W-90W



Circulation Pathway (2/9)

What is the sensitivity of passive tracer content c at
location (i,j,k) to tracer distribution in the past?

/(i;j; k)

Objective Function J=(0 - 0 1 0 - 0)'ep=w’ ¢y
oc Ve + V- (kV0)
— = —u-Vc - (kKVcCc
dt
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Circulation Pathway (3/9)

Adjoint passive tracers describe where an adjoint
tracer-tagged water comes from, i.e., its origin.

ac’
——=u-V'+V-(kVc)
ot
¢’ along Equator JC' dz

50112 0.0 tr50 1.8762e+13 7.3356e+13 25.6

Adjoint Passive Tracer
@1/1/2020

Initialized 12/31/2020
uniform to 1 over
0-10m, 5S-5N,
150W-90W

Volumetric fraction

over 150-300m, 5S-5N,

140E-160W
is 0.25
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Circulation Pathway (4/9)

Passive Tracer
12/31/2020

Initialized 1/1/2020
uniform to 1 over
150-300m, 5S-5N,

140E-160W

Adjoint Passive Tracer

1/1/2020

Initialized 12/31/2020
uniform to 1 over
0-10m, 5S-5N,
150W-90W

depth (M)

depth (m)

¢’ along Equator

{c' dz

tr49 1.8782e+13 7.3356e+13 25.6

tr49 112 0.0

120E 180 120W
| I e
0 04 0.8 0 40 80 120

Average value of 0.25
over 0-10m, 5S-5N,
150W-90W

Volumetric fraction
over 150-300m, 5S-5N,
140E-160W

is 0.25
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Circulation Pathway (5/9)

Origin and Fate of Nino-3 Water

Adjoint (years<0) and forward (years>0) passive tracer simulation of
water occupying Nifo-3 area (5°S-5°N, 150°W-90°W). Tracer extent
shown in blue. Red shows regions of highest concentration.
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Circulation Pathway (6/9)

“Time-Mean” Circulation

Distribution inferred from

Mean Distribution (t = - 5 years) mean circulation (t = - 5 years)

=

120E 180E 120W 60W 120E 180E 120W 60W
N I
0 1 2 3 0 1 2 3
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Circulation Pathway (7/9)

Where does the

Nino3 water go
over 20~180
years?
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Circulation Pathway (8/9)

-40 yrs

Wherewasthe =~
Nino3 water

207180 years
prior?
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Circulation Pathway (9/9)

Where from and where to @ +180 yrs
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Example Studies Using Adjoint Passive Tracers
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Causation (1/9)

Adjoint gradients can help identify causal
mechanisms of the dynamic system.

o 9)(t
5J(t) = /) Su;(r,t — At)
Quantity of / Ui (l‘ L= At) ~— Control (forcing)
interest at time t. / 5
Type (i), location (r), Z Z Z a](T) Su: (1‘ £ — At)
i
and lag (At) of control ou;(r, T — At) Sensitivity of J at a

particular time 7.

ZZZ—@- At) Su;(r, t — At)
; \ Sensitivity as a

function of lag
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Causation (2/9)

Sea level and freshwater content have been rising
dramatically over the Beaufort Sea.

Sea Level Trend
(1993-2017

e

(74

Fukumori, I., 0. Wang, and |. Fenty (2021)
J. Phys. Oceanogr., 51, 3217-3234,

https://doi.org/10.1175/JPO-D-21-0069.1.
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https://doi.org/10.1175/JPO-D-21-0069.1

Significance of Comparing with Data

Is comparison with observations meaningful if you are already
constraining the model with that data?

data assimilation

>

data

>

data N
state estimation

value of data
value of data

model
>

space or time

>
space or time
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Causation (3/9)

Beaufort Sea ——— of J to forcing i
u ea
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Causation (4/9)

Forward Model T
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Causation (5/9)

Modified reconstruction of wind’s contribution
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Causation (6/9)

Noerdlinger & Brower (2007)

Sea level rises when floating sea ice melts,

Flo'atihg

because melt water is fresher and occupies a
larger volume than sea water displaced by
ice.
5 Archimedes’s Principle Mass Conservation
N ¥
poceanhdraft = Picelice = pfreshhmelt
h. h h _ Pocean h > h
ice draft Therefore, melt = 5 fldraft draft
fresh
p. 1026
« Pocean because Pocean ~ ~ 2.6% increase
v v pr'eSh 1000
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Causation (7/9)

Wind-driven Ekman transport from the surrounding area and
sea ice melt within the Gyre are responsible for the steric change.

Beaufort Sea’s halosteric Var{J (1)-Y A (t, ) 5 (¢ t_At)}
. . halosteric I\
variance explained at E (r)= dSl | 4 w0 (it —AY)
different locations r. () i Var { Iy (1)) |

Wind Contribution | Sea Ice Melt Contribution

-
i
.
I - -
1

3 (10°% km2)




Causation (8/9)

The gradients illustrate the role of wind-driven Ekman
flux and the ocean’s circulation pathway.

Clockwise along-boundary Surface freshwater flux

surface stress at 8-weeks lag at 78-weeks lag
: —

S DEEREREE )
) -5 0 5 10 (107"“m/(kg/m‘/s))
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Causation (9/9)

Effects of wind last only a few months, but
effects of sea ice melt last for years.

Explained variance
vs maximum lag
(cumulative skill)
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Example Studies Using Adjoint Gradient Decomposition
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Summary

d Adjoint is a transformation for studying mathematical
relationships,

d Adjoint models compute gradients efficiently for specific
objective functions (numerator),

d Adjoints enable functional analysis of models, i.e., “model
calculus”,

= Circulation pathways (adjoint passive tracers),
= Causal relationships (Adjoint Gradient Decomposition).
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